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ABSTRACT

Phylogenetic comparative methods (PCMs) are fundamental tools for understanding trait evolution
across species. While linear models are widely used for continuous traits in ecology and evolu-
tion, their application to discrete traits - particularly ordinal and nominal traits - remains limited.
Researchers sometimes recategorise such traits into binary traits (0 or 1 data) to make them more
manageable. However, this risks distorting the original data structure and meaning, potentially
reducing the information it initially contained. This paper promotes the use of phylogenetic gener-
alised linear mixed-effects models (PGLMMs) as a flexible framework for analysing the evolution
of discrete traits. We introduce the theoretical foundations of PGLMMs and demonstrate how uni-
variate and multivariate versions of binary PGLMMSs, which might be more familiar to evolutionary
biologists, can be conceptually extended to model ordinal and nominal traits. Specifically, we
describe ordered and unordered multinomial PGLMMs for ordinal and nominal traits, respectively.
We then explain how to interpret regression coefficients and (co)variance components, including
associated statistics (e.g., phylogenetic heritability and correlation) from PGLMMs for discrete
traits. Using real-world examples from avian datasets, we illustrate the practical implementation
of PGLMMs to reveal evolutionary patterns in discrete traits. We also provide online tutorials to
guide researchers through the application of these models using Bayesian implementations in R.
By making complex models more accessible, we aim to facilitate a more precise and insightful
understanding of the evolution and function of discrete traits, which has received relatively limited
attention in evolutionary biology so far.
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1 INTRODUCTION

As children, while flipping through the pages of visual dictionaries, we may have wondered why
Earth is home to such a vast diversity of living things. Today, it is estimated that at least 8.7
million species inhabit our planet, with new species continually being discovered (Mora et al.,
2011} Schefters et al., 2012). These extant species flourish in a wide range of environments and
exhibit species-specific traits. They have evolved unique traits while adapting to their surrounding
environment. Even limited to the avian class, species live in areas ranging from polar regions
to deserts and also urban environments and have evolved specific characteristics, such as body
shapes, foraging methods, and reproductive systems. Phylogenetic inertia or constraints, rooted
in evolutionary history, as well as shared genetic background, can lead closely related species to
show similar traits. At the same time, distantly related species may have convergent traits adapted
to similar environments. Understanding the factors that influence the evolution of these traits
and speciation is critically important in evolutionary biology and ecology - topics that have long
fascinated researchers in these fields.

However, until the 1980s, when Felsenstein| (1985) published the first paper on phylogenetic
comparative methods (PCMs), the evolution of organisms could not be tested using statistically
formalised approaches. PCMs have rapidly advanced in recent years (Lynch, 1991} |Pagel, 1997
Martins and Hansen, [1997; Housworth et al., 2004 Ives et al., 2007} \Hadfield, 2010; Hadfield and
Nakagawa, [2010; Felsenstein, 2012; (O’ Meara, 2012} |Garamszegi, 2014; Cornwell and Nakagawa,
2017; Harmon, [2018}; Cornwallis and Griffin, 2024), offering powerful frameworks for revealing
patterns and processes of organism evolution while accounting for phylogenetic non-independence
among species (Felsenstein, 1985} |Grafen, 1989 Martins and Hansen, [1997). By incorporating
phylogenetic information, PCMs can estimate common ancestral states, speciation rates, and
evolutionary relationships between various types of traits and related factors. Such traits encompass
behavioural, ecological, morphological, and physiological characteristics and life histories, along
with ecological and environmental factors, which are often evolutionary drivers of these traits (e.g.,
Felsenstein, 1985).

Two major classes of models dominate phylogenetic comparative methods (PCMs) for trait
evolution: linear models and Markov models. Linear models, such as phylogenetic generalized
least squares (PGLS) (Martins and Hansen, |1997}; Pagel, |1997; Garland and Ives, [2000; Rohlf,
2001])), are commonly used to analyse continuous traits (e.g., body size, lifespan). These models
offer considerable flexibility by allowing researchers to examine relationships between one or more
response variables and explanatory variables, whether continuous or discrete (e.g., environmental
factors, species-specific traits). By contrast, Markov models (e.g., the Mk model) (Pagel, [1994;
Lewis|, 2001) are predominantly used to model the evolution of discrete (categorical) traits (here
defined to include binary, ordinal [ordered multinomial], and nominal [unordered multinomial]
data, but excluding count [Poisson] data; see figure 1) and estimate the probabilities of transitioning
between different trait states over evolutionary time.

Yet, discrete response variables need not be confined to Markov models; linear models can
also handle categorical outcomes (e.g., Grizzle et al., 1969;|Anderson, 1984; Sloane and Morgan,
1996). Binary traits, being a special case of discrete traits, have been frequently analysed via linear
models and are widely familiar to evolutionary biologists. Nonetheless, the use of linear models
for ordinal and nominal traits remains uncommon. This situation is likely due to challenges in both
implementation and interpretation, stemming from the relative unfamiliarity of extending linear
models to these types of data (i.e., ordinal and nominal traits). Despite these hurdles, one of the
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greatest advantages of linear models is their unified framework, which can seamlessly accommodate
both continuous and discrete traits. However, as far as we know, there is no accessible guide or
tutorial to investigate ordinal and nominal traits under the linear model framework (cf. Hadfield and
Nakagawal, 2010).

To fill this gap, we demonstrate how linear models, particularly phylogenetic generalised linear
mixed models (PGLMMs; |Lynch, 1991; Housworth et al., 2004, [Hadfield and Nakagawa, 2010),
can be applied to study the evolution of discrete traits (see figure 1). PGLMMs are also well-suited
for modelling data with varying levels of statistical non-independence, such as multiple observations
per species by using random effects. Additionally, PGLMMs can accommodate multiple response
variables (i.e., multiple traits), which can shed light on, for example, coevolution among traits.
Importantly, Bayesian packages such as the brms package (Biirkner, 2017) and the MCMCg1lmm
package (Hadfield, 2010; |[Hadfield and Nakagawa, 2010) make these models accessible for diverse
research applications. Here, our focus is on ordinal and nominal traits, which have posed challenges
due to the complexities in implementation and interpretation. We introduce the theoretical foundation
of PGLMMs and then provide practical applications using real-world examples. Finally, we offer
online tutorials (link) that guide users through implementing these models with Bayesian approaches
in R. We aim to equip evolutionary biologists with a robust framework for analysing discrete traits.
By combining theoretical foundations with practical applications, we will make complex models
more accessible, thus supporting a more precise and insightful understanding of trait evolution
studies.

2 THEORY

To build upon what evolutionary biologists are likely to be familiar with, we first describe PGLMMs
for continuous traits (using the Gaussian link function; Hadfield, 2010; Ives and Helmus,2011;
Pottier et al., 2024). By doing so, we introduce the concept of phylogenetic signal and heritability
(note that these are not always interchangeable - for example, while Pagel’s A can be interpreted
as a measure of phylogenetic heritability, other metrics, such as Blomberg’s K (Blomberg et al.,
2003)), quantify different aspects of phylogenetic signal and do not directly reflect heritability).
We also present the essential idea of univariate and multivariate (multi-response) models. The
introduction of multivariate models is important since models for nominal traits inherently function
as multivariate models. Then, we extend PGLMMs to discrete traits, including binary, ordinal, and
nominal traits (using the probit and logit link functions). Here, we show how the PGLMM for binary
traits, which might be more familiar to evolutionary biologists, provides a basis for the GLMMs
for ordinal and nominal traits, which are less familiar to evolutionary biologists (figure 1). Finally,
we also touch upon how to account for within-species variation in PGLMMs (i.e., replicates within
species) as an area of future development (Cornwallis and Gritfin, 2024).

2.1 PGLMM for continuous traits

The phylogenetic (linear) mixed-effects model (PMM) was first introduced by (Lynch, [1991) (note
that a PMM is a PGLMM with the Gaussian link function). Despite its versatility, PMMs are
less frequently used than popular PGLS (phylogenetic generalised least square) models (Martins
and Hansen, |1997; Pagel, |1997; Garland and Ives, 2000; Rohlf, [2001). The PMM is a type of
linear mixed-effects model that accounts for the non-independence of species due to their shared
evolutionary history (i.e., phylogeny; Felsenstein, 1985; |Grafen, 1989; Martins and Hansen|, 1997).
The simplest (univariate) PMM can be written as:
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vi=Po+ai+e;, (1)

ai=a~ AN (0,62A), (2)

ej=e~ N (0,0671), 3)

where y; is the trait value of the ith species, B is the intercept (across-species overall mean), a;
is the random effect of the ith species, e; is the residual error, a and e are vectors of random effects
and residuals, respectively, the random effect a; is assumed to be normally distributed with a mean
of zero and a variance-covariance of GaZA (where phylogenetic correlation matrix A is a square
matrix derived from an ultra-metric phylogenetic tree where the distance from the root to every tip
is the same, assuming a constant rate of evolution (Gavryushkin and Drummond, 2016)), and the
residual error e; is assumed to be normally distributed with a mean of zero and a variance-covariance
of 61 (the identity matrix I is a square matrix with ones on the diagonal and zeros elsewhere). The
variance component 6> shows how much of the variation is caused by phylogenetic signals (Pagel,
1999; Freckleton et al., 2002). In contrast, 62 represents the variation that is not related to phylogeny.
This could include factors like species-specific ecological differences (e.g., adaptations to their
environment; Gez may also include measurement errors or variation within studies, but here, we
assume it mainly reflects non-phylogenetic variation at the species level). Note that the construction
of A can be adjusted according to the mode of evolution one assumes; usually, a linear decline of
phylogenetic relationship (dependence) from the common ancestors (ancestral node) and extant
species (tips) is assumed, and this is known as the Brownian model of evolution (Felsenstein, 1973,
1985).

Importantly, phylogenetic heritability (H?) can be calculated as the proportion of the total
variance that is due to the variance associated with phylogeny:

2
2 O,

H =—— 4
02+ 07 @
The PMM can be extended to include fixed effects (e.g., other species-specific traits and environ-
mental variables).

yi = Bo+ Bixti+ ...+ Bpxni +ai+e; (5)

where x1;,x2;, ...Xp; are the fixed effects (i.e., xy; is hth fixed effect of the ith species).

Rather than fitting species traits as another fixed effect, we can fit it as another response using
a multivariate PMM. A bivariate PMM can be written as (see Housworth et al., 2004;|Adams and
Collyer, 2024):

(6)
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134 where y; is a vector consisting of y;”” and y;”" which are two different traits (e.g., the body mass

135 and wing length) of the ith species, respectively, ﬁél) and ﬁéz) are the intercepts (across-species

136 overall means), al(l) and al(z) are the phylogenetic effects of the ith species, and el(l) and 61(2) are the
137 residuals (assuming to be mostly non-phylogenetic effects).
138 These phylogenetic effects are distributed as follows:
(1) (1)
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139 where ¥, ® A is the variance-covariance matrix of the phylogenetic effects (the symbol ®

120 denotes the Kronecker product), A is the phylogenetic correlation matrix, Ggl and 632 are the
141 variances of the phylogenetic effects of the first and second traits, respectively, and p,12 is the
122 correlation between the phylogenetic effects of the two traits. A positive p,12 indicates that the
143 traits have tended to evolve in the same direction due to shared evolutionary history (i.e., correlated
144 phylogenetic effects). In contrast, a negative p,12 indicates that the traits have evolved in opposite
145 directions phylogenetically. It is important to mention that p,;, refers specifically to phylogenetic
146 correlations. We may find that overall correlations between traits differ if strong non-phylogenetic
147 or residual effects obscure these phylogenetic patterns.

148 Similarly, the residuals (non-phylogenetic effects) are distributed as follows:
(1) (1)
e; e 0
— ~N DI | 9
(i) = (60) = ((5) =) ®
2
o1 Pe126e10e21)

YeI= el , 10
(pel2Gel o2l 051 (19)

149 where X, ® I is the variance-covariance matrix of the non-phylogenetic effects (residuals), Gezl

150 and 6622 are the variances of the residuals of the first and second traits, respectively, and p,1» is the
151 correlation between the non-phylogenetic effects of the two traits. Such a correlation can represent
152 convergence or divergence due to ecological factors. For example, shared environmental pressures,
153 such as temperature and precipitation, can drive traits toward similar adaptations, while predation or
154 Tesource competition may lead to trait differentiation. Using 4, phylogenetic heritability (H?) can be
155 obtained separately for the first and second traits.

156 Also, as mentioned above, this bivariate model can be extended by including fixed effects (e.g.,
157 other species traits and environmental variables).
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2.2 PGLMM for discrete traits 1: binary traits
The simplest phylogenetic generalised linear mixed-effects model (PGLMM) for binary traits can be
written using either the logit or probit link functions (figure 2):

y; ~ Bernoulli(p;) = Binomial(1, p;) (12)
P(yi=1) = pi = exp(li)/ (1 +exp(L;)) = logit™" (L) (13)
b= ( 1 fim) (14)
P(y;=1) = pj =@ (I;) = probit™ " (1;) (15)
i = ®(pi) (16)
li = PBo+a; (17)

where y; represents the binary trait value of the ith species, indicating whether a specific trait
is present (e.g., maternal care). The probability of observing the trait, denoted as p;, follows a
Bernoulli distribution, which is a special case of the binomial distribution with a size parameter of 1.
The probability p; is transformed onto a latent scale using either a logit or probit link function. In the
logit case, the transformation is defined as (13)), where | is the latent linear predictor. Alternatively,
in the probit case, the transformation uses the inverse cumulative distribution function ®~! of
the standard normal distribution (14). The J; is related to the probability p; and can be expressed
differently depending on the link function used. In the logit case, I; represents the log-odds ratio (14).
In the probit case, l; corresponds directly to the transformed probability, which is the cumulative
standard normal probability for quantile p; (15). The l; is modelled as a linear combination of
the intercept fy (the overall mean across species on the latent scale) and a;, which represents the
phylogenetic effect of the ith species (T7). The inverse transformations, logit~! (also known as the
inv-logit transformation) and ®~!, are used to map the latent scale back to the probability scale.
Note that this model lacks the residuals e;j; this is because a Bernoulli distribution does not have any
overdispersion, or errors are determined by an underlying distribution (Hadfield, 2010). Using this
property, phylogenetic heritability (H?) can be calculated for binary traits as follows for the logit
and probit link functions, respectively (Hadfield, 2010; Nakagawa and Schielzeth, 2010, [2013):

2
2 O,

_ 18
o2+ m2/3 (18)
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178 where 72 /3 is the variance for the logistic distribution while 1 is the variance for the standard
179 normal distribution. As mentioned above, this model can be extended by including fixed effects:

li = Bo+ Bixii + ... + Bpxni + a;. (20)
180 Also, this model can be extended to a bivariate model with fixed effects:
1 1 1
I — li( ):ﬁé )—}—ﬁl(l)xl,-—k...—}—ﬁk(l)xh,-%—ag ) @1
i— 2 2 2 2 2) |
ll.( ) :[3(5 )+/31( )xl,-+...+/3k( )xh,-+a§ )

181 where |; is a vector consisting of li(]) and ll-(z) , which are the linear predictors of the first and
1.2 second binary traits (e.g., the presence of maternal and paternal care), respectively, ﬁél) and ﬁéz)

183 are the intercepts (across-species overall means), Bl(l) and ﬁl(z) are the fixed effects of the first and
(1) (2)

184 second traits, respectively, and a; * and a;™ are the phylogenetic effects of the first and second traits,
s respectively and the phylogenetic effects are distributed as with [8|and 0]

186 We note that binary traits can have a natural order (e.g., egg-laying vs live-born, solitary living
157 vs social living) or can be two independent categories (e.g., sex or habitat). The point is that
188 the PGLMM for binary traits can be considered as both the GLMM for ordinal traits (ordered
189 multinomial traits) and the GLMM for nominal traits (unordered multinomial traits). Indeed, a
190 binomial distribution is the simplest case of a multinomial distribution as well as a categorical
1 distribution:

1

o]

1

©

(k)

yi ~ Binomial(1, p;) + y; ~ Multinomial(1, (py;, p2;)) <> y; = ~ Categorical(pi;, p2i), (22)

192 where y;’ is a multinomial distribution with two categories (y;/ = (1,0) and y;/ = (0, 1) with the

193 size of 1) yl(k) is a categorical distribution with k categories/levels and py; and py; are the probabilities

©

19« of the first and second categories, respectively (i.e., p1; = 1 — p; and p; = p;; yl(l) =A+y/=(1,0)
195 and py; = p; and yl@ =B <> y/ = (0,1); see also figure 2a). Each element of y;’ corresponds to
196 the probability of one of the two possible outcomes in the multinomial distribution. The linear

197 predictors /;, therefore, can be re-written for the logit and probit link functions, respectively:

ll-:ln< Pi >:1n<@), (23)
1 —p; Pli

li=®(p;) = ®(p2i) = (1 - p1i). (24)
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Also, for the logic and probit link functions, the probabilities (of a binary variable) can be
re-written with p; being a vector of probabilities of the two categories for ith species, denoted as A
and B, can be expressed as follows:

pi— ( Pl = A)=pii=1/ (1 +exp(h)) = logit™! (1) ) 23)
©\POY =B) = par=exp(l)/ (1 +exp(l;)) = logit ™' (1)) )
(PO =A) = pri=Dleo— 1) = B(~1y)

e (P(y,@ =B) = pai=1-D(co— ) =®(h) ) e

where ¢ is a cut-point (here defined as cp = 0) used in ordinal models (which is explained in
detail later).

In the next two sections, we describe the PGLMM for ordinal and nominal traits by building up
on the PGLMM for binary traits. It is important to note that, traditionally, the logit link function is
more commonly used for nominal variables, while the probit link function is more commonly used
for ordinal variables (Hadfield, 2015]).

2.3 PGLMM for discrete traits 2: ordinal traits

Ordinal variables (e.g., plumage colour gradation, migration level, mating system, and social
hierarchy) can be modelled as so-called “threshold models” with the probit link function, where
thresholds are usually referred to as cut-points (figure 2b). Importantly, in such a model, latent
values of the ordinal traits are assumed to be continuous following the standard normal distribution.
Here, we define an ordinal trait with three levels, whose threshold model (ordered multinomial or
categorical PGLMM) can be defined as:

yi' ~ Mulitnomial(1, (p1;, pai, p3i)) <> yﬁ") ~ Categorical(p1;, pai, p3i)- 27
where y;’ is a vector of probabilities for ith species to belong to one of three levels (e.g., A, B
and C; y/ = (1,0,0), y/ = (0,1,0) and y;/ = (0,0, 1)), p1;, p2i» and p3; are the probabilities of the
three levels, respectively. The probabilities of the three levels are calculated as the cumulative
probabilities of the standard normal distribution (Hadfield, |2015). Using these probabilities, the
linear predictor /; can be written as:

P(y,(l) =A)=p1i=P(co—1)

pi= | PG\Y =B) = poi = D(c1 — 1) — Dlco— ) (28)
P()’l@ =C)=p3i=1-P(c1 - [;)

li=Po+ai+e; (29)

e~ A (0,1) (30)
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where p’ is a vector of probabilities for ith species to belong to one of three levels (e.g., A, B
and C; p;’ = (0.2,0.5,0.3)), ¢o and ¢ are cut-points (thresholds) that separate the three levels of
the ordinal trait (e.g., whether a species is migratory, partially or not; colour gradients such as white,
grey and black or yellow, orange and red) and these cut-points divide the continuous range of values
(e.g., migration distances, colour gradients) into categories. For example, species with latent variable
above c; would belong to category C (0, 0, 1), species with latent variable between ¢y and ¢; would
belong to category B (0, 1, 0), and those with latent variable below ¢y would belong to category
A (1, 0, 0). The probabilities of the three levels are calculated as the cumulative probabilities of
the standard normal distribution(Hadfield, 2015). Note that the first category/level (here, A) is the
reference level. In addition, unlike a binary GLMM , we have the residual variance, which
is distributed with the mean of 0 and the variance of 1 (I, i.e., the standard normal distribution).
Phylogenetic heritability on the latent scale can be obtained using [19] (but see for original scale
calculation R package QGglmm; de Villemereuil et al., 2016).

Extending this model to take an ordinal variable with four levels is not difficult:

P(y,m =A)=p1;=P(co— 1)
pi — P(y*) = B) = pai = D(e1 — 1) — D(co — ) 31)
C PO =€) = pyi = Bler— 1) — Dler — 1)
PO =D) = pyi=1-D(c2 1))

where cg, c1, and ¢, are cut-points that separate the four levels of the ordinal trait (e.g., whether
the plumage colours of a bird species are classified as yellow, light orange, orange, or red; figure
2b). The probabilities of the four levels are calculated as the cumulative probabilities of the standard
normal distribution (Hadfield, 2015; see also Box 2).

This model can include fixed effects to explain variation in the response variable:

li = Bixj... + Brxpi +a;i +e; (32)

where [; represents the linear predictor for species i. xp; represent hth explanatory variables associated
with individual i, each with a corresponding regression coefficient 3, . The term q; indicates the
random effect specific to species i, and e; represents the residual variance, which is assumed to
follow the standard normal distribution as in Equation It combines the effects of explanatory
variables and phylogenetic effects to produce a latent variable that determines the probability of y;
categorising a specific ordinal category (here, A, B, C, or D). This formulation allows the model
to account for both continuous variables (figure 3a) and categorical variables (figure 3b; with k-1
dummy variables for k levels) as explanatory variables, making it versatile for analysing realistic
data. Detailed guidance on applying this model and interpreting its results can be found in the
section “3. worked examples” (3.1 ordinal model) and our online tutorial.

2.4 PGLMM for discrete traits 3: nominal traits

We use unordered multinomial PGLMM to model nominal traits. Multinomial (nominal) PGLMMs
are multivariate (multi-response) models where with k levels (categories), a set of kK — 1 binary
PGLMMs are fitted (Agresti et al.| (2000); Hadfield and Nakagawa (2010); figure 2¢c). Here, we
define a nominal trait with four levels (e.g., B = blue, G = green, R =red, and W = white; figure 2c)
whose multinomial model can be defined as (so comparable to running trivariate binary PGLMMs):

9



k .
y ) Categorical(p1i, pi, P3i» P4i)- (33)
(k)

254 where y;™ is the trait value of the ith species for the kth level (e.g., B = blue, G = green, R =

255 red, and W = white), py;, p2i, p3i, and py; are the probabilities of the four levels, respectively. The
1(1) 1(2) 1(3)))

256 probabilities of the four levels and the vector of associated three linear predictors (li/ =7, L7

257 are defined as follows:

PV =B) = py; =1/ (1 +exp(lai) +exp(ls;) + exp(lai))
- POV = G) = pai = exp(lar)/ (1 +exp(la) + exp(lsi) + exp(la;)) 34
P(\” =R) = p3; = exp(lai)/ (1 +exp(la;) + exp(l3;) + exp(la;))

PONY = W) = pai = exp(la;)/ (1 + exp(lai) + exp(ls:) + exp(lay)

ll.(l) =1In % = ﬁél) +[3](1)X1i—|—...+ﬁ,§l)xhi—|—a§1)

L=|/% = D) = B +BP x4+ B xpi+a? | (35)
li(3) =1In f};:z — ﬁé3) + B1(3)-x1i +...+ Bl,Es)Xhi +d§3)

258 where p; is a vector of probabilities for the ith species (e.g., p; = (0.2,0.3,0.4,0.1)), I; a vector
259 consisting of ll.(l), ll.(z), and ll.(S), which are the linear (latent) transformation of the probability of
260 the second, third and fourth traits in relation to the first trait (e.g., the probably of G = green in

261 relation to reference category of B = blue), respectively, ﬁél) , B(gz), and ﬁ(g3) are the intercepts of
262 three models based on pair-wise comparisons (see also Appendix). The three phylogenetic effects

1) 2 3)

23 a; ', a;”’,and a;”’ are distributed as follows:
a™\ /a0
al@) =a® | ~ (0,2, 0A) (36)
al@ al®)
cLA Pa1204102A  P41304103A
Za ®A= Pa12041 Ga2A ngA Pa23 Ga26a3A (37)
Pa130410:3A  Pu23042043A o4A
264 where X, ® A is the variance-covariance matrix of the phylogenetic effects (the symbol ®

265 denotes the Kronecker product), A is the phylogenetic correlation matrix, Ggl , 652, and 633 are
266 the variances of the phylogenetic effects of the first, second, and third traits, respectively, and
267 Pal12, Pal3> and pyo3 are the correlations between the phylogenetic effects of the three traits. For
26s this model, one can obtain three heritability estimates (on the latent scale) for each phylogenetic
269 variance component using[I8 This allows the model to consider both continuous variables (figure
270 3c¢) and categorical explanatory variables (figure 3d; with k-1 dummy variables for k levels). The
2ar1 effect of each explanatory variable on the response variable is evaluated by comparing the reference
272 category with each non-reference category. You can find detailed guidance on applying this model
273 and interpreting its results in the section “3. worked examples” (3.2 nominal model) and our online

274 tutorial.
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25 2.5 PGLMM with non-phylogenetic species effect

276 An increasing number of comparative datasets now include more than one individual per species;
277 this is especially so for continuous traits (e.g., weight and height). Therefore, one can model the
278 within-species effect into PGLMM. For the simplest such model with the Gaussian link function can
279 be written as:

yij = Bo+ai+si+e;, (38)
si=s~ N (0,6°1), (39)
¢j=e~ N (0,621), (40)
280 where y;; is the trait value of the jth individual of the ith species, fy is the intercept (across-

231 species overall mean), q; is the phylogenetic effect of the ith species, s; is the non-phylogenetic
232 effect of the ith species, and s is a vector of non-phylogenetic effects. e; is the within-species effect
283 (residuals, which could include measurement errors), e is a vector of residuals, Gez is the variance of
2« the residuals. I is the identity matrix and other symbols as above. The phylogenetic heritability (H?)
265 can be obtained by the same formula ().

286 The bivariate version of this model can be written as:

(1) (1) 1, [ (1)
V= +a ' +s 7 te:.
Yij = <y” Py ’ l ’ ) : 41)

y = B 40 52 4 o0

i

(1) 0
(52) - (0)20).

2
o5, 1 pleGél oy, 1
ps126s1 0-521 Gszl ’

m
(60) = ((6) ==1), s

X, I = ( (43)

2
o1 Pe120e, Op, 1
r.ol= °l [ 45
¢ (peIZGel Gezl 66221 ( )
287 where yj; is a vector consisting of yg }) and yg), which are the trait values of the jth individual of

233 the ith species for the first and second traits, respectively, ﬁél) and [3(52) are the intercepts (across-
1) ()

289 species overall means), ag and a;~" are the phylogenetic effects of the ith species for the first
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(1)

i

(2)

and second traits, respectively, s; * and s,

are the non-phylogenetic effects of the ith species for
the first and second traits, respectively, eﬁ-l) and e§.2)
the jth individual of the ith species for the first and second traits, respectively, e(l) and e are
vectors of residuals (within-species effects) for the first and second traits, respectively, ¥, @I is the
variance-covariance matrix of the within-species effect, and 662 is the variance of the residuals. Also,
phylogenetic heritability (H?) can be obtained by the same formula (4} probably more accurately as
the non-phylogenetic variance oy is directly estimated and not confounded by the within-species
effect and other sources of variance).

The equivalent bivariate binary PGLMM with fixed effects can be written as:

are the residuals (within-species effect) of

1 1 1 1 1 1
- (1A Bl 1) o

ll(;z) = B(gz) -+ ﬁ](z)xlij +...+ ﬁ}gz)Xhij + al@ + SZ(Z)
where l;j is a vector consisting of ll-(jl) and ll.(jz), which are the linear predictors of the jth individual
of the ith species for the first and second binary traits, respectively. The fixed effects, xy;; and xy;;,
correspond to the first and second traits at the individual level of the jth individual of the ith species.
These fixed effects can be defined either at the species (between-species) level or the individual
(within-species) level, depending on how the model is specified.

Now, we can model the non-phylogenetic effects explicitly, as shown in[9] enabling the estimation
of non-phylogenetic variances for the first and second binary traits (Gszl, 0's22), as well as non-
phylogenetic correlations (ps12). This approach can overcome limitations in earlier bivariate binary
models (21)), where such detailed modelling was not possible. Although already mentioned, it
is important to understand that the positive values of phylogenetic correlation (p,12) and non-
phylogenetic correlation (ps12) can indicate co-evolution and convergence, respectively, while
negative values suggest evolutionary trade-offs and ecological divergence.

Based on what was described above, one can extend ordered and unordered multinomial
PGLMMs to include within-species variation. However, such datasets appear to be relatively
uncommon in current comparative biology. Nonetheless, there are traits, such as colour and be-
havioural polymorphisms within species, where this approach could be applied. Some examples of
such PGLMMs are available in the online tutorials (link).

3 WORKED EXAMPLES

To demonstrate the application of the PGLMMs using Bayesian approaches, we present some
examples using the MCM Cglmm function from package MCMCglmm v.2.36 (Hadfield,[2010; Had-+
field and Nakagawa, [2010) and the brm function from brms v.2.21.0 (Biirkner, 2017) in R v.4.4.2
(R Core Team, 2024) using real-world data. The dataset used here was sourced from AVONET
(Tob1as et al., 2022), a comprehensive global database of avian traits. To account for phylogenetic
dependency, we incorporated ultrametric phylogenetic trees obtained from BirdTree.org (Jetz et al.,
2012) as a random effect in our models. Our examples here cover ordinal and nominal models, and
each example provides a summary of the key results. We also offer an online tutorial (link). that
provides comprehensive details on the implementation of PGLMMs, using MCMCglmm and brms
packages. This includes data preparation, model fitting, and diagnostic checks for both ordinal and
nominal models, as well as Gaussian and binary models.
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3.1 Ordinal (ordered multinomial) model

We analysed the relationships between migration level (an ordinal response variable), body mass
(a continuous predictor variable), and habitat density (a categorical predictor variable) across
136 species of birds of prey (figure 4a). The migration level was categorised into three distinct
levels: sedentary, partially migratory, and migratory. Adult body mass (average of two sexes) was
included as a predictor variable to capture potential associations with migratory capacity, reflecting
physiological and energetic constraints on long movement. Habitat density (dense, semi-open,
open) was also considered, with species classified based on their predominant habitat type (detailed
definitions of all variables can be found in [Tobias et al., 2022).

We used an intercept-only model to calculate the phylogenetic signal from the variance compo-
nents because it provides an estimate of the variance attributable to phylogeny without the influence
of additional explanatory variables. Phylogenetic heritability (aka phylogenetic signal), measured
as the proportion of variance explained by the phylogenetic random effect, was estimated at 0.54
(95% CI: 0.00, 0.81) in MCMCglmm and 0.42 (95% CI: 0.00, 0.84) in brms. These values suggest
that closely related species exhibit more similar migratory behaviours than distantly related species,
although non-phylogenetic factors also play a substantial role.

Differences were observed in the threshold (cut-point) estimates between MCMCglmm and brms,
arising from the packages’ distinct modelling frameworks (the true-intercept model in MCMCglmm
and the zero-intercept model in brms; see Box 2 for a detailed explanation). In MCMCglmm, a
single cut-point was estimated at 0.99 (95% CI: 0.66, 1.34) and model intercept (estimate = 0.32,
95% CI (-0.80, 1.45)). In contrast, brms provided two cut-points as regression coefficients: -0.32
(95% CI: -1.36, 0.61) and 0.66 (95% CI: 0.24, 1.75). These thresholds define cut-off points on
an underlying continuous latent scale that determines observed ordinal categories (see the Theory
section). Here, the migration level (sedentary, partially migratory, and migratory) is represented as
a continuous latent variable. Species with a latent value below the first threshold are categorised
as sedentary; those between the first and second thresholds are categorized as partially migratory;
and values exceeding the second threshold correspond to migratory species. As explained in the
Theory section (PGLMM for discrete traits 2: ordinal traits), these values can be used to calculate the
proportion of species in each migration category by converting them into cumulative probabilities
using the cumulative distribution function. The proportion in each category is determined by the
difference between consecutive thresholds’ probabilities. For instance, we can obtain that 37.5%
were sedentary, 37.5% were partially migratory, and 25.0% were migratory.

We then assessed the effects of body mass and habitat density as explanatory variables. A slight
negative effect of body mass on migration level was observed in both models (MCMCglmm: estimate
=-0.233, 95% CI: -0.51, 0.02; brms: estimate = -0.26, 95% CI: -0.57, 0.02; figure 4a). These
estimates suggest that larger species may exhibit lower migratory tendencies, although the effects
are relatively modest and overlap with zero. As mentioned above, habitat density was categorised
as dense (reference), open, and semi-open. Species living in open environments (e.g., grasslands)
had a higher likelihood of being migratory compared to those in dense habitats (e.g., dense thickets)
(MCMCglmm: estimate = 1.15, 95% CI: 0.52, 1.86; brms: estimate = 1.24, 95% CI: 0.57, 2.05;
figure 4a). In contrast, species in semi-open environments (e.g., open shrublands) did not show
a significant difference in migratory behaviour compared to those in dense habitats (MCMCglmm:
estimate = 0.32, 95% CI: -0.26, 0.89; brms: estimate = 0.37, 95% CI: -0.20, 0.99; figure 4a).
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3.2 Nominal (unordered multinomial) model

We used the predominant locomotory niche of 173 thrush bird species data as the nominal response
variable (figure 4b). This variable consists of three categories: ground-dwelling, perching, and
generalist. The ground-dwelling category includes species that primarily spend their time on the
ground, foraging by walking or hopping. The perching category refers to species that spend much
of their time perched on raised surfaces, such as tree branches, rocks, buildings, posts, or wires.
The generalist category includes species that do not predominantly fit into a single lifestyle and
utilise a variety of niches. The explanatory variables include two models: the first uses tail length
as a single predictor, and the second includes both tail length and diet as predictors. Tail length
may be associated with manoeuvrability and locomotion strategies, which can vary across ground-
dwelling, perching, and generalist lifestyles. Diet reflects foraging behaviour and habitat use, which
can also be key factors shaping locomotory niches. Diet originally contained three categories
(carnivore, herbivore, omnivore), but for ease of interpretation, it was recoded into a binary variable
distinguishing between omnivores and non-omnivores (figure 4b). In our model, the “generalist”
category is the reference category because it appears first alphabetically. When discrete (categorical)
variables are included in a model, the reference category is usually the first alphabetical unless you
expressly set another category as the reference.

When the phylogenetic signal is strong, it indicates that closely related species are more likely
to belong to the same trait category (for example, both being ground-dwelling). This suggests
that the trait is relatively stable over evolutionary time and strongly influenced by phylogenetic
history. Conversely, closely related species are less likely to share the same category when the
phylogenetic signal is weak. They may fall into different categories (such as one species being
ground-dwelling while another being perching). This implies that the trait changes frequently and
is less constrained by phylogenetic relationships. The phylogenetic heritability, measured as the
proportion of variance explained by the phylogenetic random effect, was estimated at 0.83 (95%
CIL:0.55,0.91) in MCMCglmm and 0.96 (95% CI: 0.78, 0.99) in brms for perching. Ground-dwelling
phylogenetic heritability was estimated at 0.83 (95% CI: 0.60, 0.92) in MCMCglmm and 0.97 (95%
CI: 0.83, 1.00) in brms. These values suggest that the “perching” and “ground-dwelling” are
both strongly influenced by phylogenetic relationships, indicating a high level of evolutionary
conservatism. This implies that their distribution among species is not random. Phylogenetic
correlation, which is a measure of the degree to which traits are correlated due to shared evolutionary
history, was 0.06 (95% CI: -0.12, 0.12) in MCMCglmm and -0.27 (95% CI: -0.88, 0.50) in brms.
The 95% Cls cross 0, so there was no statistically significant relationship between perching and
ground-dwelling traits. A positive correlation would suggest that the evolution of one trait (perching)
is associated with an increased likelihood of the evolution of the other trait (ground-dwelling),
indicating that these traits may tend to evolve together. Conversely, a negative correlation would
imply that a strong evolutionary tendency toward one trait (perching) reduces the likelihood of
exhibiting the other trait (ground-dwelling), reflecting a potential evolutionary trade-off between the
two traits.

We examined the effects of tail length and diet (omnivorous vs. non-omnivorous) on primary
avian lifestyles. Tail lengths were log-transformed and centred to facilitate interpretation. Results
from both the MCMCg1lmm and brms models indicated that tail length did not significantly influence
whether species were more likely to adopt perching or ground-dwelling lifestyles compared to
generalists (perching - MCMCglmm: estimate = -0.21, 95%CI: -3.25, 2.85; brms: estimate = -0.88,
95%Cl: -4.83, 2.84 / ground-dwelling - MCMCglmm: estimate = -1.53, 95%CI: -4.25, 1.27; brms:
estimate = -1.51, 95%CI: -5.43, 2.28; figure 4b). While omnivory did not have a statistically
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significant impact on the likelihood of adopting a perching versus generalist lifestyle (MCMCglmm:
estimates = -0.29, 95%CI: -1.55, 1.00; brms: estimate = 0.13, 95%CI: -1.54, 2.00; figure 4b),
omnivorous species were more likely to exhibit diverse lifestyles, such as being generalists rather
than ground-dwelling (MCMCglmm: estimates = -3.53, 95%CI: -4.86, -2.41; brms: estimate = -4.47,
95%CI: -7.13, -2.70; figure 4b). This means that if a species is omnivorous, it is more likely to be
generalist than ground-dwelling or perching.

4 CONCLUSION

Through this paper, we have provided a theoretical and practical overview of how to implement
phylogenetic generalised linear mixed-effects models (PGLMMs) for discrete traits along with
continuous counterparts. As far as we know, our work presents the first comprehensive introduction
to PGLMMs for discrete traits, showing how binary PGLMMs act as bridges to other types of
PGLMMs. Importantly, this theoretical introduction is complemented by an extensive online
tutorial, which covers practical difficulties implementing such PGLMMs using Bayesian statistics,
for example, 1) setting Bayesian priors, 2) checking MCMC chain convergence and mixing, 3)
interpreting regression coefficients and (co)variance components, and 4) simulating toy datasets. We
hope this paper demonstrates the utility and flexibility of linear models in analysing discrete traits
and encourages their broader adoption in evolutionary and ecological studies.

With the growth of open science, the rapid accumulation of data across biological disciplines
has created both challenges and opportunities (e.g., Marx, 2013; |Losos et al., 2013; Cushman, 2014;
Pal et al., 2020). We can also combine existing research data to uncover new knowledge (e.g.,
Gallagher et al., 2020). One of the challenges is effectively organising these immense datasets,
which needs a proper understanding of appropriate statistical analyses and methodologies. Since
Darwin introduced the theory of natural selection (Darwin, |1859), researchers have made remarkable
progress in understanding and unravelling biological phenomena. However, significant gaps remain
in our understanding of the ecology and evolution of living organisms, and many topics continue to
be debated. We believe our work will help researchers handle their data more effectively, fostering
further progress in evolutionary and ecological research.
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Box 1: Glossary

Ancestral states

Ancestral states refer to the traits of organisms that existed in their common ancestors. We often use
it in the context of reconstructing the traits of an ancestral species based on the traits observed in
its living descendant species. For example, if we are studying the trait evolution of a certain family,
we may be interested in estimating what trait their common ancestral trait is. These estimated traits,
such as the plumage colour, diet, or habitat type, are the “ancestral states.”

Linear model

A linear (regression) model assumes a linear relationship between the response variable(s) and one
or more independent variables. The model relies on assumptions such as linearity, independence,
homoscedasticity, and normally distributed residuals. In more complex models, such as mixed-
effects models (also called hierarchical models), random effects are included to account for
variability not captured by the fixed effects. We can include that observations within specific groups
(e.g., individuals, locations, or time points) may vary in ways that are different from the overall
trend as the random effect. This allows the model to handle data that is organised into groups,
where we expect the data points within each group to be more similar to each other than to data
points from other groups. If the model does not include any explanatory variable, the model does
not explain y based on any predictors. The prediction of y is just the overall mean, with random
effects u; allowing for variations between groups or clusters (if using a mixed-effects model) and €
accounting for individual random errors. This model is often called a null model and is used as a
baseline for comparing models that include explanatory variables.

Markov model

A Markov model is a mathematical framework used to describe systems that transition from one
state to another in a probabilistic manner that is based on the Markov Property. Markov Property
assumes that the future state depends only on the current state and not on the past events. Markov
models are widely used in various fields due to their versatility in modelling probabilistic systems
(simplifying complex systems while retaining useful predictive power). In evolutionary biology, the
Markov k-state model (Mk model) is popular and used in phylogenetics to describe the evolution of
discrete traits across a phylogenetic tree. The Mk model is commonly used to study the evolution
of discrete traits, such as the gain or loss of morphological features and the evolution of behavioural
traits. It assumes that trait changes occur according to a Markov process. The transition rates
at which changes occur between these states are modelled as a continuous-time process. All
states are equally likely to transition to another state unless otherwise specified. The process is
time-reversible, meaning the probability of transitioning from state A to state B over time is the
same as transitioning from state B to state A (under the same conditions).

Log odds-ratio

Log odds is the natural logarithm of the odds ratio, where the odds ratio represents the ratio of
the probability P of an event occurring to the probability /-P of it not occurring. The relationship
between explanatory variables and probability is described as non-linear, making it difficult to
model using a simple linear relationship. Additionally, while probabilities are constrained to a
range of 0 to 1, linear predictors can take any value, creating a mismatch that must be addressed.
By using log odds, the odds are transformed into a scale ranging from —oo to 4o, allowing for
the application of the linear framework (i.e., logistic regression). The log odds can then be back-
transformed using the logistic function, enabling the results to be interpreted as probabilities within
the range of O to 1. 19
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Phylogenetic heritability/phylogenetic signal

Phylogenetic signal shows statistical non-independence between trait values and their phylogeny
and indicates how closely related species resemble each other (e.g., Revell et al., 2008; Miinkemiiller
et al., 2012). A strong phylogenetic signal indicates that closely related species resemble each
other more than expected by chance, reflecting the influence of shared ancestors. Pagel’s A, one of
the phylogenetic signal indices, is also interpreted as phylogenetic heritability.

Uni- and multivariate model (uni-response and multi-response variable models)

In our paper, we define the univariate model as a model with a single dependent variable based
on one or more independent variables, while the multivariate model is defined as the model
that includes multiple dependent variables simultaneously. Multivariate models can consider
correlations between dependent variables (detailed definitions of all variables can be found in
‘Tobias et al., 2022).

Phylogenetic variance-covariance matrix / phylogenetic correlation matrix

In the context of phylogenetic analysis, the variance-covariance matrix reflects how variables
of interest (e.g., traits or behaviours) vary and covary across species. The diagonal components
represent the variance of each variable, indicating the extent to which a variable deviates from
its mean across species. The off-diagonal components represent the covariance between pairs
of variables, showing how two variables co-vary across species. Covariance indicates both the
direction and strength of the relationship between two variables, but its value is influenced by the
units of measurement, making its magnitude scale-dependent. To remove this scale dependence,
covariance is standardised by dividing it by the product of the standard deviations of the two
variables (X and Y), resulting in the correlation coefficient (). The correlation matrix contains
these correlation coefficients, with off-diagonal components indicating the relationship between
pairs of variables.

Probit and logit model

Probit model coefficients represent the effect that an independent variable has on a latent dependent
variable, which follows a standard normal distribution. This latent variable determines the proba-
bility that the observed dependent variable falls into a specific category. Logit model coefficients
describe the log odds, showing the effect that a one-unit increase in an independent variable has on
the probability that the dependent variable is classified into a specific category (as opposed to the
reference category). The logit model is widely used due to its simplicity of calculation and ease of
interpretation. Both models often give similar results, so you can use either one depending on the
context.

Link function and linear predictor

In GLMMs, the linear predictor (/) is the combination of fixed effects and random effects. The
link function can transform the expected value of the response variable to relate it to the linear
predictor. This allows GLMMSs to model non-linear relationships between predictors and the
response variables. For example, when a response variable is binary traits, the link function can be
the logit or probit link function.
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Cumulative Distribution Function (CDF) and Probability Density Function (PDF)

A Probability Density Function (PDF) describes the probability distribution of continuous random
variables. It indicates the density of probability at different values. While the PDF itself does not
give the probability at a specific point, the probability over a range can be calculated by integrating
the PDF over that range. The total area under the PDF curve equals 1. A Cumulative Distribution
Function (CDF) gives the probability that a random variable takes a value less than or equal to a
given point. It represents the accumulated probability up to that point, ranging from O to 1. The
CDF can be derived by integrating the PDF.

Threshold model

The threshold regression model is used for binary or ordered response variables. The concept
behind the threshold model is that an unobserved continuous latent variable determines the observed
discrete (categorical) response variable based on whether it exceeds certain thresholds (cut-points).
The model assumes that y is a continuous latent variable, but the response variable y is observed in
discrete categories.

Latent variable (unobserved variable)

A latent variable (/) provides the link function (e.g., logit and probit) to the values of the response
variable (y). For example, when a response variable is a binary outcome, the latent variable is
determined by whether / exceeds a threshold. If / is under the threshold, then y = 1; if / is more
than the threshold, then y = 0.

Reference category/level (baseline category)

Both ordered or unordered variables include two or more categories (e.g., colour - blue, red,
white). The reference (baseline) category is used to compare with other categories and act as a
“reference.” In the regression model, the model estimates the coefficients as the difference between
the non-reference and reference categories.

Bayesian statistics (approaches)

Bayesian approach is a statistical method that combines prior knowledge (prior distribution) with
observed data (likelihood) to update beliefs and derive the posterior distribution of unknown
parameters in a model. The term “parameters” refers to the unknown values needed to define the
model’s structure, and the Bayesian approach seeks to estimate the probability distribution of these
parameters. Computational methods such as Markov Chain Monte Carlo (MCMC) are used to
incorporate uncertainty in the data. Bayesian estimation considers the entire distribution of the
parameter, allowing for the reflection of uncertainty in the parameter estimates.
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Box 2: Two ways of parametrising the ordinal (threshold) model The ordinal (threshold) model
has two different parametrisations, the true-intercept model and the zero-intercept model, with
different interpretations and implementations. For example, MCMCglmm uses the former, and brms
uses the latter. The true-intercept model always has the intercept of the regression model equal to
the mean of its probability density function (PDF). Zero is always the first cut-point in every model,
which is implicit. The intercept is always fixed at zero in the zero-intercept models, but the cut-points
differ between regression models. Figure B1 is a conceptual description of the difference between
the true- and zero-intercept models. The model has three category-ordered predictor variables (A, B,
and C). The latent variable is defined as l; = bg + a;, where by represents the intercept and a; means
the phylogenetic random effect, which determines the probability of each category. The blue-shaded
PDF illustrates the PDF of the latent variable distribution (i.e., the underlying distribution of the
response variable, not influenced by predictor variables). The warm-coloured areas indicate the
probability of the observed outcome y being categorised into A, B, or C, depending on where the
value of the latent variable [ falls relative to the thresholds. The dark-yellow solid line describes
the intercept (bg), which is the mean of the latent distribution. The pink dashed lines represent the
thresholds (cut-points) that define the boundaries between categories A, B, and C. The true-intercept
model usually reports only the second cut-point, with the first cut-point set to 0 (e.g., MCMCglmm).
The single reported threshold (threshold1) can move and define the boundary between the second
and third categories. In contrast, the zero-intercept model (figure B1b) reported two cut-points
(outputted as intercepts in brms), with the model intercept fixed at 0. The two cut-points can move
and correspond to the thresholds between the first and second categories (threshold 0: A and B) and
between the second and third categories (threshold 1: B and C), respectively.

£i=b0+ai

a. true-intercept implementation b. zero-intercept implementation
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Figure B1. Different parametrisation of ordinal threshold models. (a) In the true-intercept model,
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5 FIGURE LEGENDS

Figure 1. Conceptual diagram of relationships between different types of traits and phylogenetic
mixed-effect models (PGLMMs). The figure demonstrates how organism traits can be categorised
into continuous and discrete (categorical) traits, showing the relationships between the Gaussian
model and discrete models within the framework of PGLMM. The binary model, as one of the
discrete models, serves as a conceptual bridge between the Gaussian model and ordinal or nominal
models. On the latent scale, the binary model closely aligns with the Gaussian model, reflecting
their underlying similarity. It is worth noting that ordinal and nominal models can be understood as
extensions of the binary model (for further details, refer to the main text). Notably, this paper does
not deal with count data (e.g., frequencies of a certain behaviour, the number of certain morphologi-
cal patterns), although such data can be considered as discrete traits. Yet, count data are usually not
considered categorical traits.

Figure 2. Overview of the discrete models. (a) Binary model. The binary model represents the
simplest structure and serves as the foundation for more complex models such as (b) ordinal and
(c) nominal models. In the binary model, two common link functions are used: the probit and
the logit link functions. In the probit model (a: right), the probability density plot illustrates the
distribution of the latent variable, which follows a standard normal distribution N (0, 1). Most of the
data lies within the range between -2 to 2. The curves labelled 0(A) and 1(B) represent cumulative
probabilities calculated using the cumulative distribution function (CDF) of the normal distribution
(®). Curve 0(A) indicates the probability that y belongs to the category “0 or A” (e.g., “non-white
plumages or darker plumages”). Curve 1(B) indicates the probability that y belongs to category “1
or B” (e.g., “white plumages or lighter plumages”). For binary data, the threshold is fixed at 0. The
latent variable / determines the value of y; if / exceeds the threshold, y = 1, otherwise y = 0. In the
logit model (a: left), the probability density plot shows the distribution of the latent variable (log
odds), which follows a logistic distribution Logistic(0, 72 /3). The majority of the data falls within
the range between -6 to 6. The curves 0 (A) and 1 (B) represent cumulative probabilities calculated
using the logistic cumulative distribution function (sigmoid function). The curve O(A) indicates the
probability that y belongs to the category “0 or A” (e.g., “non-white plumages or black plumages”).
Curve 1(B) indicates the probability that y belongs to category “1 or B” (e.g., “white plumages”).
Both models are capable of describing the binary data (0-1 data). However, binary data can also be
treated as ordinal data, in which case an ordered multinomial model may be applied, or as nominal
data, where an unordered multinomial model is suitable. (b) Ordered multinomial model. This model
extends the binary framework to handle ordinal traits, such as plumage darkness, across multiple
ordered categories. Here, examples with three categories (A < B < C) and four categories (A < B
< C < D) are illustrated. The left density plots show the distributions of the latent variable. The
grey distribution represents a standard normal distribution N (0, 1), while the coloured distributions
correspond to latent variable values associated with specific categories. The thresholds (c0, c1, and
c2) divide the latent variable range, assigning observations to the appropriate categories. For exam-
ple, in the 3-category case, latent variable / exceeds c1, placing it in category C. In the 4-category
case, [ lies between ¢ and ¢y, placing it in category C. The cumulative probability curves, calculated
using the CDF of the normal distribution (@), depict the probability of y falling into each category
based on the [. These probabilities are derived using threshold values and the /. (c¢) Unordered
multinomial model. This model is suited for nominal traits, such as plumage colour, across multiple
unordered categories. Examples with three categories (B, G, R) and 4 categories (B, G, R, W) are
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presented. Note that many statistical applications select the first category (alphabetically) as the
reference category; here, category B is chosen. The plots are structured similarly to the binary logit
model, with relative probabilities computed for each category compared to the reference category.
In the 3-category case, the probabilities for R and G are expressed relative to B. In the 4-category
case, the probabilities for R, G, and W are expressed relative to B. The overall probability of each

category is obtained by rescaling the relative probabilities. For example, the probability of cate-
_ exp(b)

T I+exp(ly;)+exp(l3;)+exp(ly;)
b, I3, and ly; represent the latent variables corresponding to the categories G, R, and W, respectively.

gory G in four unordered multinomial traits is calculated as, P(G) , Where

Figure 3. Conceptual summary of ordered multinomial and unordered multinomial regression
models. The examples use body mass as a continuous explanatory variable and forest living status
as a binary (discrete) explanatory variable for bird species. In (a) and (b), two horizontal lines
mark the thresholds (cO and c1) that divide categories A and B (threshold0) and categories B and
C (thresholdl). These categories, A, B, and C, correspond to the classification of plumage bright-
ness, as seen in figure 2b. (a) illustrates that heavier bird species tend to have brighter plumages,
suggesting a positive relationship between body mass and plumage colour intensity. This indicates
that as body mass increases, so does the likelihood of a bird exhibiting a brighter plumage. In
contrast, (b) shows that species inhabiting forested areas generally have duller plumages, which
suggests a negative relationship between living environment and plumage brightness. The species
living in forests are more likely to have less bright plumages compared to those in other habi-
tats (not forest-living). In (c) and (d), the gradations in the illustrated probabilities of plumage
colours. The marginal lines in these plots indicate a 50% probability, representing the point at
which there is no clear trend in the plumage colours. The categories B, G, and R, which refer to
different colour classifications, are aligned with figure 2c, where category B serves as the reference.
(c) demonstrates that species with redder plumages tend to have a higher body mass than those
with blue plumages. Conversely, species with green plumages are generally lighter in body mass
than those with blue plumages. Finally, (d) illustrates the relationship between forest living and
plumage colours, showing that forest species are more likely to exhibit green colours, not red colours.

Figure 4. Visualisation of used datasets and posterior distributions of model parameters from
ordered and unordered multinomial models (MCMCglmm and brms) in the worked example section.
(a) ordered multinomial model. We used migration data (3 ordered category traits) as a response
variable and body mass and habitat density as explanatory variables for 136 species of birds of prey.
Body mass was log-transformed before analysis. The posterior distribution results show fixed effects,
phylogenetic random effects, and thresholds. The differences in threshold estimates and the presence
or absence of intercept between MCMCglmm and brms arise from different parametrisations (the
true-intercept model and the zero-intercept model; see Box 2). In MCMCglmm, the first threshold
is O (sedentary to partially migratory), and the second threshold (partially migratory to migratory)
is shown as threshold 1. In brms, thresholds are described as intercepts: threshold1 (interceptl:
sedentary to partially migratory) and threshold2 (intercept2: partially migratory to migratory). (b)
unordered multinomial model. we used the lifestyle data (3 unordered category traits) as a response
variable and tail length and presence or absence of omnivores as explanatory variables of thrushes
173 species. The posterior distribution results represent point estimates and credible intervals for
posterior distributions, categorised by fixed effects, phylogenetic random effects, and phylogenetic
correlations. The unordered multinomial model in MCMCglmm shows results for phylogenetic
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ez random effects and correlations after rescaling (refer to the main text and online tutorial for details).
ess Regarding the graph of the phylogenetic random effect, please note that the x-axis scale differs
es0 between MCMCglmm and brms. In the online tutorial, we provide a clear explanation of the prior
e70 settings in the nominal model. You can also find the results of MCMCglmm using an uninformative
e71  prior. Thick horizontal lines represent 66% credible intervals, and thin horizontal lines illustrate
ez 95% credible intervals in both model results. The points in the centre of each thick line indicate the
673 mean estimates.

674

s 6 APPENDIX

676 The multinomial model can be also parametrised in an alternative way, by using so called contrast
677 matrix A which defines the odds ratios by indicating a reference level within categories. In a general
e7s case with n+1 categories, with the first category being the reference, we have:

A= {_ln} @7)
Ian
679 For the case of a trait with four categories, this would result in:
-1 -1 -1
1 0 O
A= 0 1 o (48)
0 0 1
680 This matrix can then be used to project the latent scale estimates into a space of probabilities

est defined on an n-dimensional simplex (a tetrahedron in the 3-dimensional case of 4 categories).

3 -1 -1 -1
/ -1 1 0 O
AA = 10 1 ol (49)
-1 0 0 1
11 1
4 T3 1
, 3 _1 _1
(@aa)'la= 4 4 1 (50)
IO
4 ~4 4
682 Such a projection results in values that (exponentiated) are proportional to probabilities of

ss3 observing each of the n categories for a given row (case) of data. To get actual probabilities one
ss« would of course have to scale each resulting expectation by their sum (a sum-to-unity constraint):

exp ((AA) 1AL o< E(py). (51)
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685

686

687

688

689

690

691

It is easy to verify that this formulation yields the same final expressions of expected probabilities
as simple calculations based on the arithmetic of odds rations. The non-normalised predictions on

log scale are as follows:

—hi—li—la

1
o 3 *231'*141'
(AA) AL = | 45y,

2
—byi—l3i+3l4i
4

The scaling term (sum of all exponentiated terms) is:

— by — lyi — Ly 3 — by — Ly
exp( 2i 431 4l)+exp( 2i 43l 4i
—hi — 13 + 314
exp ( 2

) +ex

) = (exp (l) +exp (l3;) +exp (l4;) + 1) exp (

p(

—bi+ 33 — Iy

4

)+

by —

l3; — L4
4

).

(52)

(53)

Then we can verify, for category no. 1, that the final expected probability for the given case is:

exp ( *121'*‘{31'*141’)

Pl1i=

1
—exp(ly) +exp () +exp (ly) +1°

(exp (L2i) +exp (Isi) +exp (L) + 1) exp (Z2=p=)

(54)

which is exactly equivalent to the probability in equation [34] Similarly, for category no. 2 (and

by extension for the remaining ones), we have:

eXP(M)

P2i =

_ exp (Ip;)
exp () +exp (l3;) +exp(lgi) +1°
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(exp (L) +exp (I3;) +exp (la;) + 1) exp (“2—hi~lui)

(55)
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