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Abstract

The density and frequencies of interacting phenotypes create a type of environment which affects
both phenotypic selection and population growth. Fluctuations in population density create tempo-
ral variation in population mean fitness, driving population dynamics, while fluctuations in pheno-
typic frequencies create variation in the relative fitness of phenotypes through frequency-dependent
selection. Different modelling frameworks have been used to study these (social) environment ef-
fects and the eco-evolutionary dynamics produced by their interaction. However, the diversity
and mathematical complexity of these models can represent an obstacle for empiricists aiming to
study the social factors shaping the eco-evolutionary dynamics of natural populations. Here, we
reformulate components of these models using generalized linear regression equations to provide
a statistical decomposition of how different frequency- and density-dependent processes influence
phenotypic selection, population growth, and the expected equilibrium density and mean phenotype
of a population. We complement these results with individual-based simulations to illustrate how
quantifying the different ways the social environment affects an individual’s fitness can improve
our understanding of the feedback that links the evolutionary dynamics of phenotypes with the

carrying capacity of natural populations.

Keywords: density-dependent selection, multiple regression, individual-based simulations, social

evolution
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Introduction

The interaction between ecological and evolutionary processes plays a fundamental role in shaping
phenotypic diversity and the functioning of ecosystems (reviewed by Govaert 00 01, 2019; Hendry
00 O, 2018; Pelletier 00 O, 2009). At the heart of such eco-evolutionary dynamics lies the feedback
between population dynamics and phenotypic evolution. The social environment is a key mediator
of this feedback because it evolves in response to selective pressures changing the demographic and
phenotypic characteristics of populations. This will result in eco-evolutionary feedback because
evolution alters the ecological context for selection, further affecting phenotypic evolution. Differ-
ent modelling traditions have been used to study the consequences of these environmental feedbacks
on the demographic characteristics of populations and the evolutionary dynamics of phenotypes
(Abrams 00 000, 1993; Boyce, 1984; Charlesworth, 1994; Engen 00 01, 2020; Heino 00 00, 1998; Lion,
2018; MacArthur, 1962; Mylius & Diekmann, 1995). These studies highlight that understanding the
eco-evolutionary dynamics of populations requires quantifying the interactive effects of population
density and phenotypic frequencies on population mean fitness and the relative fitness of pheno-
types. These effects are rarely studied together in wild populations, leading to a potential mismatch
between our theoretical understanding and the processes operating in nature. To address this gap,
we use generalized linear regression models and individual-based simulations to illustrate the dif-
ferent ways the social environment can affect eco-evolutionary dynamics and encourage empiricists

to quantify these social environment effects in natural populations.

We refer to the social environment as the density and frequency of conspecific phenotypes affect-
ing an individual’s survival and reproduction. Competitive and cooperative interactions shape the
strength of density regulation and phenotypic selection (Frank, 1998; Haldane, 1956; Lack, 1954;
West-Eberhard, 1979), making the social environment a key mediator of the eco-evolutionary dy-
namics of populations. Phenotypes mediating social interactions can influence population dynamics
and/or phenotypic evolution whenever an individual’s fitness is affected by its social environment
(Travis 00 00, 2013; Wolf 00 011, 1999). We can think of traditional studies of density regulation and

frequency-dependent selection as focusing on two ways the social environment affects the ecological
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M/ 2pQHmMIBQM “v /vM KB+b Q7 TQTmH iBQMbX PM i?2 QM2 ? M/- +H bb
MTQM i?2 2z2+ib Q7 TQTmH iBQM /2MbBiv QM TQTmH iBQM ; Qri?- ;2Mz
[2T2M/2Mi 2z2+ib QM K2 M }iM2bb "2 BM/2T2M/2MT ZHHBEM KBBHM BAIMT ? 2 M (

v H-RN¥X PMi?2Qi?2  ? M/-bim/B2b Q7 7°2[m2M+v@/2T2M/2Mi b2H2+iE
E 2#b . pBRENM|j7Q+mb QM ?Qri?27 2[m2M+v Q7 T?22MQivT2 z2+ib Bib "
HHv bbmKBM; i? ii?2b2 2z2+ib "2 /2MbBiv@BM/2T2M/2MiX h?2 2z2+ib C
Mim> HTQTmH iBQMb HB2 bQK2r?2°2 BM i?2 KB//H2-r?2M2p2° i?2 2z2+i
BM/BpB/m HOb }iM2bb /2T2M/b QM i?2 BM/BpB/m H6b QrM T?2MQivT2 M/
z2+ib i?2 }iM2bb Q7 Qi?2 bX

?BbiQ°'B+ H-T2'? Tb “#Bi  "v- /IBbiBM+iBQM + M #2 K /2 #2ir22M 2pQ|
iB HHv /2bB;M2/ iQ bim/v i?2 "QH2 Q7 /2MbBiv@/2T2M/2Mi b2H2+iBQM C
bi® i2;B2b p2°bmb i?Qb2 7Q+mbBM; QM ?Qr i?2 T?2MQivTIB+ M/ ;2M2iB+
2MpB " QMK2Mi BM~m2M+2 2pQHmMIiBQMX AM i?2 7Q K2 - /2MbBiv@/2T2M/
iBQM T'QpB/2/ QM2 Q7 i?2 }"bi ii2KTib iQ mMBi2 i?2 }2H/b Q7 TQTmH iB
'2M2iB+b- BKTHVBM; i? i i?2 }iM2bb Q7 ;2MQivT2 Bb MQi +QMbi Mi #mi /2
UM/2 b-@RWdAR? H2brQRINRAR + "i?mRN¥K *QMbB/2" #H2 i?2Q 2iB+ H M/ 2k
rQ'F? bb?QrMi? i /2MbBiv@/2T2M/2Mi b2H2+iBQM Bb F2v /2i2 ' KBM Mi ¢
T?2MQivTB+ p "B iBQM M/ i?2 + ""vBM; + "TQvBRNGD?T H2bh HQRINSMb U
IM;2M HRYRKkykeCQbZIBHRYyYyR + "i?m° gBHBQEEM2HBE2 HXKNBR pBb
2i HRY R B;?2i HRYRMNK AM i?2 H ii2°-i?2i?2Q°'vQ7bQ+B H2pQHmMIiBQM ?
2tTHQ 'BM; ?2Qri?2 ;2M2iB+ M/ T?2MQivTB+ +? ° +i2'BbiB+b Q7 i?2bQ+B
i2°K2pQHmMiBQM &v MRVM;BUKBHiQNeAm2HRR3ZIBY RdQ HZi HRXNNNM/
HOQM;@i2 'K 2pQHmMiBQN v 2 [/[neXKBRN BE+UBHH " QaWMMX AM T “iB+mH -
' K2 i?2Q'v? b 7Q+mb2/ QM i?2 2pQHmMIiBQM Q7 i?2 bQ+B H 2MpB QMK 2N\
T ii2°Mb Q7 T?2MQivTB+ b2H2+iBQM r?2M i?2 }iM2bb Q7 bV @;d®b 7 2[m
2i HRYkoGBQWRI+:BHH " " CknWMaZ m2HRRB8®2biM 2kiy RkX

6 2[M2M+v@/2T2M/2Mi b2H2+iBQM ? b #22M mb2/iQ 272  iQ K Mv /Bz?Z
bBQMV M/ ? b #22M B/2MiB}2/ b +'BiB+ H7 +iQ i? i rBHH6BM2M2M+2 2)
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RN8G MIiRNdleyyachp2MbbQM *Q-MMVMRIBHBQMRNYX h?2 2pQHmMiBQM v BKTQ i
Q7 7°2[M2M+Vv@/2T2M/2Mi b2H2+iBQM BM /2MbBiv@ 2;mH i2/ TQTmH iBC
2 "Hv K i?2K iB+ H7Q KmH iBQMb Q7 2pQHmiBBRHIERWN E® Bk NBBG@M ;2M2iE
M/ [m MiBi iBp2 ;2M2iB+ KQ/2Hb ? p2 7m’i?2  2H #Q" i2/ QM Bib 2z2+ib Q|
TQTmH iBQM /GMMERNEHIRY yachp2MbbQM  *QMMREHQM BMbi M+2- "2+2Mi [m
iBi iBp2 ;2M2iB+b KQ/2Hb BM biQ+? biB+ 2MpB QMK2Mib ? p2 b?QrM i? i E
TQTmH iBQM KQ/mH i2b i?2 bi'2M;i? Q7 /2MbBiv "2;mH iBQM- i?2M 7 2[m
b2H2+iBQM "2 BMi BMbB+ HHv HBMF2/ M/ DQBMiHV /2i2 KBM2 i?2 2tT2+i
MQivT2 Q7 TQTInVH 2 QMRYKY X 6m i?2 KQ 2-i?2 BMi2  +iBQM #2ir22M 7°2
I2MbBiv@/2T2M/2Mi T°Q+2bb2b ? b #22M rB/2Hv +FMQrH2/;2/ BM i?2 i?2
BL2BNO HRNNBKQmIRNY¥e M/ Bb F2v +QKTQM2Mi Q7 i?2 / TiBp2 /vM KB+
U QrMKYRGEBQIWRBX .2bTBi2 i?2B" /2KQMbi® i2/ BKTQ'i M+2 BM 2+Q@2pQ|
2KTB'B+ HBMp2biB; iBQMb "~ "2Hvbim/v7 2[m2M+v@ M/ /2MbBiv@/2T2M
i?7 i T QT2 Hv[m MiB}2b i?2B  /m H 2z2+ib QM T?2MQivTB+ 2pQHmMiBQM N

h?Bb T T2 mb2b bi iBbiB+ H KQ/2Hb +QKKQMHv mb2/ #v 2KTB B+Bbib
/IBz2 2Mi 7°2[m2M+v@ M/ /2MbBiv@/2T2M/2Mi T Q+2bb2b QM i?2 2+Q@ 2§
iBQMbX q2 mb2 ;2M2° HBx2/ HBM2 "~ "2;°2bbBQM KQ/2Hb iQ /2b+ B#2 b2iC
/2MbBiv- kV i?2 K2 M T?2MQivT2 BM i?2 bQ+B H 2MpB QMK2Mi M/ jV i?2B
}iM2bb Q7 i?2 TQTmH iBQM M/ i?2 "2H iBp2 }iM2bb Q7 T?2MQivT2bX hQ
Q7 2biBK iBM; i?2b2 /Bz2 2Mi bQ+B H 2MpB QMK2Mi 2z2+ib-r2 /2 Bp2 i?2
© K2i2°b Q7 i?2b2 KQ/2Hb M/ i?2 bi'2M;i? Q7 b2H2+iBQM QM T?22MQivT?2
2tT2+i iBQMb 7Q" i?2 TQTmH iBQM6b 2[mBHB# BmK /2MbBiv M/ K2 M T?22
“2bmHib rBi? BM/BpB/m H@# b2/ bBKmH iBQMb iQ "2p2 H i?2 mM/2 HVBWN
2tTHQ 2 i?2 "Q#mbiM2bb Q7 i?2B" bi iBbiB+ HBKTH2K2Mi iBQM- M/ ?B;?
mM/2 bi M/IBM; +QM+2 "MBM; i?2 "QH2 Q7 i?2 bQ+B H 2MpB " QMK2Mi BM K
T?22MQivTB+ 2pQHmMIBQM rBi? i?2 + "“VBM: + T +BivQ7 TQTmH iBQMbX



s J212Q1/D

rw # DB+ KQ/2H Q7 b2H2+iBQM BM /2MbBiv@ 2;mH i2/ TQTmH iBQN

g2 + M KQ/2H b2H2+iBQM BM /2MbBiv@ 2;mH i2/ TQTmH iBQM #v bim/v
i?72 T?2MQivT2b Q7 BM/BpB/m HIRV X242 } bMb2bkb2UBBI; X: mbbB M }iM2bb 7mN\
TT QtBK i2b i?2 2z2+ib Q7 M BM/BpB/m H6b T?RW@ikPB RQKQB RH}+MN bi2 U
2KTB'B+ HHvV T ° K2i2'Bx2/ b SQBbbQM UQ  M2; iBp2 #BMQKB HV *2; 2t

W  Poissoffe’) , UR#V

rRy 1?2 W Bb i?2 #bQHmMi2 }iM2bb Q7 BMIBpBIAMMIHL i?MR2tT2+i2/ HQ; }iM2bb
rerk BM/BpB/m H i :Bp2M iBK2X AM KmHiEg§HBDd 2+ Q@MbB @M2bQBK2id¢ b i?2
rek BMi2 +2Ti BM i?2 KQ/2H M/ i?mb 2T 2b2Mib i?2 K2 M }iM2bb Q7 i?2 TQTm
rri DBX2 Bb p2°v bK HHXb,* Qb B2WHDbB#2 i?2 HBM2 ° M/ [m /° iB+ +QKTQM?2
rro "2H iIBQMb?BT #2ir22M i?2 T2¢MRQIVH G+ }pViBBMY 2 "MQRN¥X h?2

rre 222+1 Q7 T'QTQ iBQM H BM+'2 b2b BM TQTmH iBQM bBx2 QM i?2 2tT2+
rre /20 + B#2/ #v i?22 /2MbBiv “2;mHoniB PN RQ2T+BRMIib i?2 UHQ;V TQTmH iB
rra | /BZ2 2Mi iBK2 TQBMibX h?Bb bbmK2b i?2¢q @Hp; BDiB@MEBM rBi?
rra V. H-RNWY¥jX Ai Bb HbQ TQbbB#H2 iQ KQ/2H HBM2 " 2z2+i Q7 #bQHmi2 U
ren QM HQ; }iM2bb- r?B+? Bb 2[m H iQ i?2 +H bbB+ HQ;BBIBH+HIQRBKBHR Q7 /2Mb
rRiy ++QMMiIBM: 7Q° Qi?2  7Q Kb Q7 /2MbBiv "2;mH iBQM K v "2[mB 2 BM+Hm/|
rkir 6Q K H KQ/2HHBM; Q7 /2MbBiv "2:mH iBQM mbBM; BM/BpB/m H }iM2bb / i
rik © M/QK 2z2+ib 7Q  v2 ° M/ BM/BpB/m HX h?2b2 2 p2 #22M H27i Qmi 22 2 i
rii T2b2Mi iBQM Q7 i?2 2[m iBQMbX h #H2 R /2b+ B#2b HH i?2 bvK#QHb mb;

RK9 hQ +QMM2+i T?2MQivTB+ 2pQHmMIiBQM M/ TQTmH iBQM /vM KB+b-r2 M
rks P B2b 11?22 H2p2H Q7 2 +? iBK2 bi2TX >2°2-r27Q+mb QM }iM2bb K2 bm™?2



rke /12KQ ;" T?B+ +QMi'B#miBQM iQ i?2 TQTmH iBQMX h?Bb K2 bm 2 /B 2+iHv
rka TQTMmMH iBOM i2 +? iBK2 bi2T iQ +? M:2bBM TQTmH iBQM bBx2 BM i?2 M
rka QM 72K H2b-i?Bb rBHH #2 i?2 MmK#2° Q7 M2r 72K H2b T°Q/m+2/ #v KQi?:
riv Bib QrM bm pBp H BMiQ i?2aMP22iB K M@@WRBXUAM +HQb2/ TQTmH iBQM- br
iy 1?72 /12KQ;  T?B+ +QMi B#miBQM + Qbb HH 72K H2biQ i?2 M2ti iBK2@bi21
rik 72K H2 TQTmH iBQM bBx2 BM i?2 M2ti iBK2@bi2T Uv2 ~Q  #°22/BM; 2TBb

Ner= Q(s+r)= & We= WN; UR+V

Rik T22°@ 20?22 p Hm2b /2b+ B#BM; r?2i?2° ;Bp2M 72K H2 imlpBM2/ Q MQi i
Rii 2T 2b2Mib i?2 MmK#2° Q7 M2r 72K H2b T Q/m+2/ #i?2i + 27 2KBHQBBKBK 2
Ris Di2fF 1X >2M+2- 0?22 K2 M }iM2bb Q7 W2 BRQ TmBipPBRIMK2@bi2T KmHIiBTHB
ris 72K H2 TQTmH iBQM bBx2 BIWi2[mi BHH2i@d 2T 2+i2/ 72K H2 TQTmH iBQM t
rie t+1X q?2M i?2 K2 M Q7 i?Bb }iM2bb K2 bm 2 Bb KQ 2i? M QM2- TQTmH iB(
rig B7 Bi Bb H2bb i? M QM2-i?2v "2 2tT2+i2/iQ /2+HBM2X

Rj3 PM2 /p Mi ;2Q7 mbBM; K2 bm 2Q7BM/BpB/m H/2KQ;  T?B+ +QMi ' B#m
RiN 1?2 172+ M/2b+ " B#2i?2+? ~ +i2°'BbiB+b Q7i?2/2MbBiv 2;mH iBQM7mM+iB
roy BM 2[m BXQM22 i?2 .Bb+mbbBQM 7Q " /2i BHb "2; "/BM; i?2 HBKBi iBQMb
rRor }iM2bbX h?2 /2MbBiv "2;mH iBQM 7mM+iBQM /2b+ B#2b i?2 ;°Qri? " i2 Q7
rRok 1?22 /I2MbBiv@BM/2T2M/2Mi "BV QMMIRIBPpR 2NM2i8 Q7 /2MbRBjiVX2gthiH MBQM U
rRoj 7TQ KmMH i2i?2HQ; ;"Qri? i2Q7i?2TQTmH iBQM # b2/ QM i?2 K2 M HQ; }il
rRog 1?72 /2MbBiv "2;mH iBQM 7mM+iBQMX AM i?2 #b2M+2 Q7 BKKB;  iBQM M/
rRog 1?72 ;°Qri? ~i2 Q7 TQTmH iBQM + M #2 /2b+ "B#2/ b,

Nt+1

In(W) = In( N
t

)= N1 NE=V=Trg gng , UR/V

Ree 122°8B; Bb i?2 HQ: TQTmH iBQtM bBX2?2 HBXK2K2 M BM/BpB/mvH B2Mi B#mit
Rea 122 2tT2+i2/ +?2 M;2 BM HQ: TQTmH iBQM bBx2 T QX iBRXi il iBRiB+ H
Res T2 DT 2+iBp2-i?2 /2MbBivV@BM/2T2M/2Mi ;" Qri? ~ i2 M/i?2 bi 2M;i? Q7 /21



ron BMi2 +#2Ti M/ i?2 bHQT2 Q7 i?2 /2MbBiv "2;mH iBQM 7mM+iBQMX AM i?:
rey 2Qr i?2 /2MbBiv "2;mH iBQM 7mM+iBQM + M #2 /2b+ B#2/ #v i?2 T ° K2i2"
rer 2[M iBQM M/ ?2Qr 2pQHmMiBQM + M b? T2 i?2 2[mBHB# BmK TQTmH iBQM
rek BMi2 #2Ti M/ bHQT2 Q7 i?2 /2MbBiv "2;mH iBQM 7mM+iBQMX

rsi AM/BpB/m H@# b2/ bBKmH iBQM

res 2 +°2 i2/ M BM/BpB/m H@# b2/ bBKmH iBQM UA"aV i? imb2bi?2 KQ/2H /
res iIBQM Ub22 TT2M/BtR7Q KQ'2/2i BHbVX h?2 A"a7Q+mb2b QM 72K H2br
ree 1?72B° T?22MQivT2b b 7mM+iBQMQ7irQbQ+B H2MpB QMK2Mi +? ~ +i2°'Bb
red P2 ;2 T?2MQivT2 BM i?2 TQTmH iBQMX AMi2" +iBQMb #2ir22M 72K H2b
res 2 bi'm+im 2/ BM /Bb+ 2i2 iBK2 bi2Tb /2b+ " B#BM; b2[m2MiB H 2T Q/m+i
ren IBQM U2X; X v2 "bVX h?2 # bB+ 72 im 2b Q7 i?2 A"a "2i? i/2MbBiv "2;mH
rRey P27 ;2 }iM2bb iQ /2+°2 b2 rBi? T'QTQ iBQM HBM+ 2 b2b BM TQTmH iBQN
rRer Q7 2 +?2 72K H2 + M #2 z2+i2/ #v ?22  T?2MQivT2 br2HH b ?2 bQ+B H 2Mj
Rek #2 T ' 2b2Mi BM KQ 2 i? M QM2 iBK2 bi2T UBX2X Qp2 ' H TTBM; ;2M2" iBQMI
Rej K2 M T?22MQivT2 "2 mT/ i2/ bBKmHi M2QmbHv 7Q° HH BM/BpB/m Hb BM 2

Reg 6Q bBKTHB+Biv-r2 bbmK2 72K H2 /2KQ; T?B+ /QKBM M+RFBW 2" # I
res EQFF®yyd- b Bb +QKKQM r?2M bim/vBM; TQTmH iBQM /vM KB+bX h?2 b
rRee TQTMH iBQM bBXR? r2 b2iiQ 9y 72K H2b 7Q° HH bBKmH iBQMbX h?2 TQ
reat+1 Bb 7mM+iBQM Q7 i?2 MmK#2" Q7 /mHi BM/BpBTMH milb ii?22 i Bov/ BoBBp/2ni BK
rRes #Q M BM iBK2 Db#2MBiBM; iQ itBKIXbh22Z K2 M T?2MQivT2 BM i?2 M2ti iBK2
Ren 1?72M [2i2°KBM2/ #v i?2 T?2MQivT2b Q7 i?2 bm pBpBM; BM/BpB/m Hb M/ i?
ray 1?72 /VM KB+b Q7 +HQb2/ TQTmH iBQMX q2 bbmK2 /mHi bm pBp H Bb M(
rik T?2MQivT2 Q bQ+B H2MpB QMK2Mi M/ Bb KQ/2HH2/ bBKTHvV b "2 °MQm
rak bm pBp H T°QT2MbBiv i?mb /2}M2b i?2 bm pBp H T Q# #BHBiv 7Q" HH /i
ragj T?22MQivT2 M/ bQ+B H2MpB QMK2Mi QM i?2 MmK#2"~ Q7 xv;Qi2b b?2 T Q/r
rRdao T Q+2bb 7TQHHQrBR\N;, @0mbiBOMWHB+Biv-r2 bbmK2 i? ii?2 T Q# #BHBiv Q7



ras | IBK2@thiQT2+ mBi iQ iBKRBHAMQi z2+i2/ #v Bib QrM T?2MQivT2- M/i?2 T
rde Q7 XV;Qi2 bm pBp HiQ "2+ mBiK2Mi Bb b2i iQ QM2X h?2°'27Q°2-i?2 bBKn
rad [2i2 " KBM2/ #v i?2 p2 ;2 xv;Qi2 T’ Q/m+iBQM BM ;Bp2M iBK2 bi2T i? Qr
ris SQBbbQM T Q+2bb M/ i?2 p2° ;2 /mHibm pBp HT Q# #BHBiv pB i?2 "2°

RAN h?2 T?2MQivT2b Q7 i?2 72K H2b Q7 i?2 7QmM/2°  TQTmH iBQM "2 bbml
rsy IBDi'B#mMiBQM rBi? K2 M Q7irQ M/ p 'B M+2 Q7 QM2X h?2 T?2MQivT2b «
rsrR MH 12/ bi?2 p2° ;2Q7i?22T?2MQivT2Q7i?2T "2Mib THmb ~ M/QK /2pB i
resk p B M+2 U? H7 i?2 ;2M2iB+ p "B M+2VX -~ M/QK K H2 bB'2b 2 +? xv;Qi2 "
Ry M+2/ b2t " iBQ- M/ i?2 bB 2 T?2MQivT2b +QM7Q 'K iQ MQ'K H /Bbi'B#nm
rze M/ p "B M+2 b i?2 T?2MQivT2b Q7 i?2 2T Q/m+BM; 72K H2bX h?2 bi M/B
r3s #2;BMMBM; Q7 i?2 bBKmH iBQM r b b2i iQ R- M/ 7Q° bBKTHB+Biv- i?72 2
rse 172 KQ/2HX g2 bBKmH i2/ Kmi iBQM Hp "B M+2-BM+'2 bBM; i?2p B M+2
rsa p B M+2 12 +? iBK2bi2TX h?Bb K2 Mbi? i T?2MQivTB+p "B M+2 i 2[mBH
rR3z #V Kmi iBQM@b2H2+iBQM # H M+2X

ran' AM i?2 7TQHHQIrBM; b2+iBQMb-r2 2ti2M/ i?Bb # bB+ A"a KQ/2H iQ 2tTHQ"
RNy 172 bQ+B H2MpB QMK2Mi z2+ib BM/BpB/m H}iM2bb Ub22 TT2M/BtR 7Q°
rvR 7Q Kb BM r?B+? M BM/BpB/m HO6b T?2MQivT2 M/ i?2 +? °~ +i2'BbiB+b Q7
rvk BM/BpB/m H }iM2bb "2 /2b+ " B#2/ #v i?2 KmHRBTH2 -2 - e2b BOQM 6Q9m iBQME
rRNj 2 +?2 bBKmH i2/ b+2M "BQ mbBM; i?72 A"a-r2 p vi?2bi 2M;i? Q7 i?2 2z2+i

rve QM }iM2bb- M/ r2 M Hvx2 i?2 QmiTmi /i Q7 i?2 A"a br2 rQmH/ M 2KTE
rRns }t2/ 2z2+i bi'm+im 2 7Q° i?2 /Bz2 ' 2Mi b+2M "BQb 7QHHQr2/ i?2 HBM2 ~ "2
rne 7Q° 2 +?2 b+2M "BQX HH KQ/2Hb mb2/iQ M Hvx2 i?2 /i BM+HmM/2/ v2 "

RN 2Z22+ibX +'BiB+ H /BbiBM+iBQM #2ir22M i?2 bBKmH iBQM M/ i?2 M Huvl
rvs # b2/ bBKmH iBQM- i?72 bQ+B H 2MpB QMK2Mi QMHvV z2+ib "2T° ' Q/m+iBQ
ran KQ/2HDbD iQ M Hvx2 i?2 2z2+ib Q7 i?2 bQ+B H 2MpB " QMK2Mi QM i?2 iQi H

kyy BM/BpB/m HbX h?Bb bBKTHB}2b i?2 T '2b2Mi iBQM Q7 i?2 2[m iBQMb- #mi

wr +QKTQM2Mib +QmH/ #2 M Hvx2/ b2T * i2Hv Ub22 .Bb+mbbBQMVX
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g2 i?72M T ' Q+22/2/iQ +QKT "2 i?2 bi iBbiB+ H 2biBK i2b 7Q" i?2 2tT2+i.
K2 MT?2MQivT2 /2 Bp2/ 7°QK i?2 KmHiBTH2 “2;°2bbBQM 2biBK i2b ; BMb
K2 MT?22MQivT2 M/ 2[mBHB# BmK bBx2 Q7 i?2TQTmH iBQM 7Q 2 +? A"a
bi2Tb- 2Mbm ™ 'BM; i? i TQTmH iBQMb ""Bp2/ ii?2 2[mBHB# BmK p Hm2b 7
RV M/ K2 MT?2MQIivR2XJIGB;iR2M 2tTHQ 2/ ?Qr i?2 H2M;i? Q7 i?2 iBK2 b2
i?72 ++m° +v Q7 2[mBHB# BmK 2biBK i2b # b2/ QM i?2 T >~ K2i2'b Q7 i?2
KQ/2Hb bbmKBM; SQBbbQM 2°"Q  /Bbi B#miBQMbX q2 M Hvx2/i?2 H biF
Q7i?2/Bz2°'2Mi BM/BpB/m H@# b2/ bBKmH iBQMb URyy /i b2ib T2 b+2M
bi iBbiB+ H M HvbBb +?M®2, 7fOBi M #iX + QKfuBK2M v @ DQvfaQ+B H@2M
2pQ@/vMXKB+b

_2bmHib

1z2+ib Q7 i?72 MmK#2 Q7 BM/BpB/m Hb
.2MbBiv "2;mHbj®¥QMU

Pm® }'bi b+2M "BQ /2b+ B#2b /2MbBiv@ 2;mH i2/ TQTmH iBQM r?22°2 i?
BM/BpB/m H6b }iM2bb Bb BM/2T2M/2Mi Q7 Bib T?2MQivT2- #mii?2° 2 Bb b2
BM/2T2M/2Mi Q7 Bib bQ+B =Hb3MpB+Q@MA2Mi-U2[RVX q2 KQ/2H i?22 222 +i

Q7 T?2MQivT2b QM }iM2bb- bbmKBM; : mbbB M }iM2bb 7mM+iBQMX h?:
+QM72 "BM; i?2 ?B;GZHEGiMRHBHY /2}M2/ #v i?2 HBM2 ° M/ MQM@HBM?2 °

Q7 i?2 T?2MQivT2 QM }iM2bb,
b,

Uk V
2b,

q:

AM i?Bb b+2M "BQ- i?2 QTiBK H T?2MQivT2 Bb BM/2T2M/2Mi Q7 i?2 bQ+E
/Bz2 2MiB HT2 iBK2bi2T Bb HbQ mM z2+i2/ #vi?2 bQ+B H 2MpB QMK 2Mj
#2ir22M i?2i° Bi M/ 2H iBp2}iM2bb-r?B+? Bb 7mM+iBQM Q7 i?2 bi 2M;i-
i?72 /Bz2 2M+2 #2ir22M i?2 TQTmH iBQM K2 M T?2MQivT® WRIREQ TiBK H
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g2 + M 2biBK i2 i?2 b2H2+iBQM /Bz2 2MiB H 7Q" ;Bp2M iBK2 bi2T # b2/ n
"2;°2bbBQM IRMUDRQMTT2M/Bt k 7Q " KQ 2 /2i BHbV,

%Cov(z,W) = 2by(Z G)s2= (by+ 2bg2)s? . Uk#V

S?2MQivTB+ 2pQHMIBQM Bb 2tT2+i2/iQ 6Tmb?6i?2 TQTmH iBQM K2 M
QTIBKmMKX 6Q° 2t KTH2-r2 KB;?i BK ;BM2 i?2 T?2MQivTB+ i> BiiQ #2 #Q/v
7 pQm b H ;2" BM/BpB/m Hb #2+ mb2 i?2v+ MKQ 22 bBHv+ Tim 2 bQK2
Bi2Kb- + mbBM; M BM+'2 b2 BM i?2 p2 ;2 bBx2 Q7 i?2 BM/BYB/m Hb B
g?2M TQTmH iBQMb "2 T2 72+iHv / Ti2/iQi?2B MQM@bQ+B H2MpB QM
2[m Hb i?2 K2 M 2[mBHB# BmK T?2MQigFZ8M W2ITRTA@HMB QBRIQWM "~ "Bp2]
M 2[mMBHB# BmKX AM i?2 2 "Hv 7Q KmH iBQMb Q7q4BB2MR&NM/iTBBP2 iQT
FBM/ Q7 2pQHmMiBQM #v M im™ H b2H2+iBQM r b bbmK2/iQ BM+ 2 b2 i?2
BKTHB+Bi BM i?Bb ";mK2Mi Bb i? i TQTmH iBQM bBx2 rBHH BM+ 2 b2X A
TQbBiBp2 2pQHmMiBQM v +? M;2 BM #Q/v bBx2 rBHH "2bmHi BIW-M BM+ "2
#2+ mb2 2pQHmMIBQM b? T2bi?22H2p iBQM Q7 i?2 "2H iBQMb?BT #2ir22M
BM/BpB/m H }iM2bb UBX2X i?2 TQTmH iBQM /2MbBRV@BM/2T2M/2Mi ;" Qri

AM i?Bb b+2M "BQ-i?2 TQTmH iBQM K2 M }iM2bb Bb ;Bp2M #v,
V= bg+ b,z+ by(Z%+ s2)+ byn . Uk+V

h?2 2z2+i Q7 i?2 bQ+B H 2MpB " QMK2Mi QM TQTmH iBQM K2 M }iM2bb i7
+ Tim 2/b#X aBM+2 i?Bb b+2M "BQ bbmK2b : mbbB M }iM2bb 7mM+iBQM
i72 bQ+B H 2MpB QMK2Mi- #Qi? iZ2M/2BNVb Tp? 2BE@imZ+2 TQTmH iBQM K2 M
}iM2bb i?°Qm;? i?22 MQM@HBM2 " 2z2+i Q7 M BM/BpB/m H6b T?2MQivT2 C

h?2 2[mBHB# BmK TQTmH iBQM bBx2 Bb ;Bp2M #v i?2 /2MbBiv@BM/2
bi*2M;i? Q7 /2MbBiVZR;mH IBMMBM; 2km iB@M BM72° i?2 2tT2+i2/ 2[mBHB

Ry



k9e

kod

k93

k9N

k8y

k8R

k 8 k

k8j

k89

k88

k8e

k83

k8N

TQTmH iBGM BB thTQM i?2 2biBK i2b Q7 HBM2 " "2:°2bbBQM,

ro _ bo+ b2+ bg(22+ s2)

— Uk/V
g bn

A=

1[m iB@M?mb /2b+ B#2b i?2r v BM r?B+? i?2 2[mBHB# BmK TQTmH iBQM
T?2MQivTB+ /Bbi'B#miBQM i? " Qm;? 2z2+ib QM i?2 /2MbBiv@BM/2T2M/2M
2z2+ib Q7 i?72 bQ+B H 2MpB " QMK2Mi + Tim 2/ #v i?2 bi'2M;i? Q7 /2MbBiv
2[m iBKMi?2 A"a b?Qrb i? i b i?2 bi 2M;i? Q7 /2MbBiv "2;mH iBQM BM+
BM/BpB/m Hb TQTmH iBQM + M bmViXBMQ22t2KEHR UBB2 i 2M;i? Q7 /2]
"2;mH iBQM +QmH/ 2~2+ii?2/2;°22Q7 b+ K#H2 +QKT2iBiBQM z2+iBM; i?
#v TQTmH iBQM # 22/BM; BM HBKBi2/ "2 U2X;X M BbH M/VX b TQTm
? p2 72r2° "2+ mBib #2+ mb2 i?72°2 "2 72r2° "2bQm +2b 7Q  2p2°'vQM2X o
BMi?2 bi’2M;i? Q7 i?d,+BR {2 B2 ®BQO®mMH/ "2T 2b2Mi /Bz2 '2Mi 2+QHQ;B+ H
z2+iBM; ?2Qr T'QTQiBQM H BM+"2 b2b BM i?2 MmK#2" Q7 BM/BpB/m Hb |
i?72bi'2M;i? Q7 +QKT2iBiBQMX

.2MbBiv@/2T2M/2Mi bBHY+iBQM U

h?2 b+2M "BQ /2b+ B#2/ #Qp2 bbmK2b i? i i?2 "2H iBp2 }iM2bb Q7 T?2N\
TQTmH iBQM /2MbBivX h?2°27Q°2- p 'B iBQM BM i?2 MmK#2" Q7 BM/BpB
QMHV + mb2b +? M:;2b BM K2 M }iM2bb BM i?2 TQTmH iBQMX >Qr2p2 - r?2
b2H2+iBQM-i?2 QTiBK HT?2MQivT2 HbQ/2T2M/b mTQM /2MbBiv- M/ p "B
'2M2° i2/Bz2 '2M+2b BM i?2 "2H iBp2}iM2bb Q7 T?2MQivT2bX g2 + M KQ /21
#v 2ti2M/BMR AXBM+HmM/2 M BkLpd/ #aBQMMUTQTmH iBQM bBx2 M/ M BM,
T?2MQivT2,

V= bo+ byz+ byz?+ bpn+ bzpzn . uj Vv

RR
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h?2 b2H2+iBQM /Bz2 2MiB H T2 iBK2 bi2T Bb i?mb 7mM+iBQM Q7 /2Mbi
b2H2+iBQM M/ TQTmH iBQM bBx2 i?°Qm;? /2MbBiv@/2T2M/2Mi b2H2+iBQ

%COV(Z,W) = (by+ 2bgZ+ bynn)s2 . Uj#v

a22 TT2M/Btk 7Q  KQ 2 /2i BHb QM i?2 /2 Bp iBQMX h?2 2[mBHB# BmK 1
i?mb /2T2M/b QM / Ti iBQM iQ i?2 #BQiB+ 2MpB ' QMK2Mi M/iQ i?2 2[mBH

(bz + bznﬁ)

2= 2bq

Uj+Vv

gBi? i?72 2[mBHB# BmK TQTmH iBQM bBx2 HbQ /2T2M/BM; mTQM i?2 2[ml
2z2+ib QM i?2 /2MbBiv@BM/2T2M/2Mi ;" Qri? ~ i2 M/ i?2 bi 2Mby?, Q7 /2MbB

A b+ D2

uj/v

6Q° 2tT M/2/ p2 bBQMb jG7M/ji+ bRQMDBT2M/Bt jX

.2MbBiv@/2T2M/2Mi b2H2+iBQM rBHH z2+ii?2 2[mBHB# BmK K2 M T?2
/2MbBiv #v +?2 M;BM; i?2 bHQT2 Q7 i?2 "2H iBQMb?BT #2ir22M TQTmH iB
ueBjX 'B;?i@? M/ T M2HbVX 1H #Q  iBM; QM i?2 #Q/v K bb 2t KTH2 #Qp:
BMi2 'K2/B i2@bBx2/ BM/BpB/m Hb 27 pQm 2/ #v /I2MbBiv@BM/2T2M/2M
+QMb2[m2M+2b Q7 T?2MQivT2+ M HbQ /2T2M/ mTQM /2MbBivX h?Bb 2z:
Q7 i?2 +Q2pmB2MB+? K v "2~2+i /Bz2 2Mi 2+QHQ;B+ H+QM/BiBQMb z2+il
i?72 QTIiBK HT?2MQivT2 +? M;2b rBi? TQTmH iBQM /2MbBivX 6Q  BMbi M-
7 pQm 2/ i?B;?2° /2MbBiB2b /m2 iQ i?2B° #BHBiviQ+ Tim 2 ;2 i2° MmK#
UBX2X b+ K#H2 +QKT2iBiBQMVX h?Bb rBHH "2bmHi BM TQTmH iBQM (
H2bb #v /2MbBivi? M TQTmH iBQM Q7 bK HH2  BM/BpB/m HbX b TQTmH
7 pQm b H ;2" BM/BpB/m Hb- "2bmHiIiBM; BM H ;2 2[m@HBI#2BhBWMERBEW T
H2 /BM;iQ H “;2°TQTmH iBQMbBxXx2/m2iQi?2r2 F2 2z2+i Q7 /2MbBiv "2
ivT2 “"Bp2b i2[mMBHB# BmKr?2Mi?2 +QbibQ7/2MbBiv@BM/2T2M/2Mi b2t
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jyy

jyR

jyk

jyi
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iRy

i2°Qm;? /2MbBiv@/2T2M/2Mi b2H2+iBQMX Pm  A"a b?Qrb i? i r?2M b2H2+il
b2H2+iBQM K tBKBx2b i?2 7TmM+iBQM /2b+ B#BM; i?22 [MBH®# Blrh K MQ@T v
2HbV BM ; 22K2Mi rBi? +H bbB+1i M2 DRi2 i BRY RT 2+b iri RN &K >Qr2p2 -

br2 rBHH /2KQMbi  i2 BMi?2 7TQHHQrBM; b+2M 'BQ- i?Bb Bb MQi M2+2bb
}iM2bb Q7 T?2MQivT2 Bb 7 2[m2M+v@/2T2M/2MiX

1z2+ib Q7 i?2 T?2MQivT2b BM i?2 bQ+B H 2MpB QMK2Mi
6 2[m2M+v /2T2M/IBEM+2 U

h?2 M2ti b+2M "BQ 2T 2b2Mib bBim iBQMb r?2°2 BM/BpB/m H}iM2bb /2T2
m H6b QrM T?2MQivT2- #mi HbQ mTQM i?2 T?2MQivT2 Q7 Qi?2° BM/BpB/r
6Q° 2t KTH2- b i?2 K2 M #Q/v bBx2 Q7 BM/BpB/m Hb BM i?2 TQTmH iBQM
bQm +2b p BH #H2 iQ 2 +? BM/BpB/m H/2+ 2 b2b/m2iQ +QMi2bi +QKT2iB
Bb KQ'2 M2; iBp2Hv z2+i2/ #v i?2 T'2b2M+2 Q7 H ;2" +QKT2iBiQ bX A7
BMi2" +i i > M/QK UBX2X 6THIWBW /iaKBRMNMIci?2 2z2+ib Q7 i?Bb T "iB+m
bT2+i Q7 i?2bQ+B H2MpB ' QMK2Mi QM BM/BpB/m H }iM2bb + M #2 + Tim":
TQTmH iBQM K2 MzTQMMZRGYT22bbX h?Bb 2z2+i+ Mi?mb #2 BM+HmM/2/ b M
ByV BM i?2 KmHiBTH2 “2;"2bbBQM 2[m iBQM b,

V= bo+ bz+ bgz?+ ban+ bzz . uog Vv

AM i?Bb 7Q KmH iBQM-i?2 2z2+ib Q7 i?2 bQ+B H2MpB QMK2Mi M/ Q7 i?:
Bib }iM2bb ‘2 //BiBp2 MEB?2°27Q 2- +? M;2b BM i?2 K2 M T?2MQivT2 BM
rBHH MQi Hi2 i?2 "2H iBp2 }iM2bb Q7 T?2MQivT2bX

1[m iBQM M #2 T ~ K2i2 'Bx2/ mbBM; i?2 p2 ;2 T?2MQivT2 rBi? r?B+?
BMi2  +ib- M/ i?2MziBBi2HK i2/iQr? i? b#22M 272 °2/iQ b 6bQ+B Hb2H
aQ+B Hb2H2+iBQM ;" /B2Mib [m MiB7v i?2 2z2+i Q7 M BM/BpB/m H6b bQ-
rBi?BM ;Bp2M # 22/BMQ)HZT BN BN Ai 2 b #22M b?2QrM i? i bQ+B H b2H2+
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2Mib z2+ii?2 2tT2+i2/ "2bTQMb2 iQ b2H2+iBQM r?2M i?2 2 Bb MQM@ " M/
M/fQ  bQ+B H TBi+bHBHB RiBUHIY R§X q?2M BMi2  +iBQMb #2ir22M BM/BpB/
* M/QK- bBMi?2b+2M "BQ r2 /2b+ B#2 22°2-i?22M i?2 222+i Q7 i?22 T?22M¢
bQ+B H 2MpB QMK2Mi QM M BM/BpB/m Hoéb }iM2bb /Q2b MQi +°2 i2 /IBz2
T?22MQivT2bX >Qr2p2 - i?2 2z2+i Q7 i?2 T?2MQivT2 Q7 i?2 p2 ;2 BM/BpI
i?72 2T °Q/m+iBp2 bm++2bb Q7 Qi?2 b Bb 2tT2+i2/iQ z2+ii?2 K2 M }iM2bb
BM~m2M+2 TQTmH iBQMX Qri? U6B;X

h?Bb 7°2[m2M+v@/2T2M/2Mi 2z2+i QM }iM2bb rBHH T "iHv /2}M2 i?2 "2H
T?2MQivT2 BM i?2 TQTmH iBQM B/ /i RK&FeM fiM2Bb WUBMFBM; i?2 2pQHm
i D2+iQ v Q7 i?2 T?2MQivT2 rBi? i?2 /vM KB+b Q7 TQTmH iBQM bBx2 i?"
B;VX 2 " M;BM; 2[m2iROM
bo+ ( bz + bz)Z+ bg(22+ s?)

A= , U9#V
f b

r?2°2r2+ Mb22i? ii?2 2[mBHB# BMmK2TQWMAHMBQM ABX2i?2 /B 2+i 222+ (
T?2MQivT2 QM }iM2bb i? °Qm;? i?2 /2MbBiv@BM/2T2M/2Mi ;" Qri? > i2 THmb
T?2MQivT2 Q7 M BM/BpB/m H ? b QM3i¥X iFRbW QAKQ?RE B BpBQmb rQ F
i? i irQ /BbiBM+i T°Q+2bb2b /2}M2 i?2 2z2+i Q7 i?2 K2 M T?2MQivT2 Q7 i~
}iM2bbMJ 2R HRykyG MEIRNdeyydX PM i?2 QM2 ? M/- Bi Bb /2i2 ' KBM2/ #v i-
2z2+i Q7 M BM/BpB/m H6b T?2MQiwI2-QM/BEIMQ?® Qil2bBWi?2 BKT +ii? i
BM/BpB/m H6b T?22MQivT2 ? b QMbA2X} W 2bB Q723iD2#Qi? "2bmHi BM r vb B
i?2BMi2 +2Ti Q7 i?2/2MbBiv 2;mH iBQM 7mM+iBQM /2T2M/b mTQM i?2 TC
kV X

F2v "2 HBx iBQM Q7 2 "Hv TQTmH iBQM ;2M2iB+b KQ/2Hb r b i? i mM/Z2
[2T2M/2M+2- 2pQHmMiBQM rBHH MQi Hr vb K tBKBx2 i?268b MRNB2bb BM i
g B;2RNYX q?2Mi?2 /B 2+i2z2+i Q7 T?2MQivT2b QM }iM2bbBb TQbBiBp2-
bQ+B H }iM2bb dz290i MDX>XOV-i?2 2[mBHB# BmK TQTmH iBQM bBx2 Bb H °
rBi? + b2r?2°2i?2T?2MQivT2b Q7 Qi?2'b? p2 M2; iBp2 2B,2t0 QM BM/Bj

R9
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M/bz < OVX h?Bb } ' bi + b2 Kv "2T 2b2Mi U+QQT2 iBp2V bQ+B H T?2M
BM/BpB/m HiQ miBHBx2 "2bQm ™ +2b KQ 2 2{+B2MiHv U2X; X J+DR®OT2 iBp2
2i HRYRBX TQTmH iBQM +QKTQb2/ Q7 KQ'2 2{+B2Mi BM/BpB/m Hb rBHH
mb2 #v Qi?2° BM/BpB/m Hb BM i?2 TQTmH iBQM- i?mb BM+"2 bBM; p2° ;=
i?72 TQTmH iBQM + ““vBM; + T +BivX h?2 Qi?2  + b2 +QmH/ 2T 2b2Mi +Q
HHQrb 2 +? BM/BpB/m HiQ KQMQTQHBXx2 KQ' 2 '2bQm +2br?BH2 ‘2/m+BM
BM/BpB/m Hb BM i?2 TQTmH iBQM-i?mb /2+ 2 bBMHBID HB WZXHEINW X+hP 2+ R iAf
mM/2° 7°2[m2M+v /2T2M/2M+2-i?22 T?2MQivT2i? i K tBKBx2b / Ti iBQM iC
rBHH MQi M2+2bb "BHv K tBKBx2 i?2 2[mBHB# BmK TQTmH iBQM bBx2X |
7°2[m2M+v /2T2M/2M+2 HQr2 T?2MQivTB+ p Hm2b BM+°2 b2/ i?2 2[mBHB
i72 A"ab+2M "BQrBi? TQbBiBp2 7' 2[m2M+v /2T2M/2M+2-Bir b H ;2" T?2
2[mBHB# BmMK TQTmHKMQM bBx2 U6B; X

6’ 2[m2M+v@/2T2M/2Mi hZN2+iBQM U

g2 MQr 7Q+mb QM b+2M 'BQ r?2°2 i?2 QTiBK H T?2MQivT2 /2T2M/b mTQ
i72 TQTmH iBQMX h?22°27Q°2- +2 M;2b BM i?2 K2 M T?22MQivT2 +? M;2 i?2
T?2MQivT2bX 6QHHQrBM; Qm" #Q/v K bb 2t KTH2- i?Bb KB;?i "2T 2b2Mi
#Q/v bBx2b 27 pQm 2/ r?2M KQbi BM/BpB/m Hb "2 H “;2/m2iQ i?2 #BHI
F22T #°22/BM; M/ #2ii2 rBi?bi M/ i?2 /p2'b22z2+ib Q7 ?B;? +QKT2iBiBQ
K BMi2M M+2X >Qr2p2 - r?2M i?2 TQTmH iBQM Bb +QKTQb2/ Q7 KQbiHv t
7 pQm b H ;2 #Q/B2bi? i+ MQmMi@+QKT2i2 HHi?2 bK HH2  BM/BpB/m |
UM2; iBp2V 7 2[m2M+v@/2T2M/2Mi b2H2+iBQM KQ/2H b-Mb i/ +PK Bi??2 ? rF
RN¥kr?2°2i?2}iM2bb #2M2}ib Q7 TH vBM; /Qp2 /2T2M/ mTQM i?2 7 2[m2M:
iBQM- M/ pB+2p2'b X AM +QMiBMmQmb i Bi-i?BbH2 /biQ ivTI2Q7# H
M BMi2 K2/B i2 2[mBHB# BmK K2 M T?2MQivT2X h? B Bb2T Rib2MiBM ;i ? 2
i?72 BMi2> +iBQM #2ir22M M BM/BpB/m H6b T?2MQivT2 M/i?2 K2 M T?22M¢

V= bo+ b,z+ bgz?+ byn+ bzz+ b2z . us v
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jeR

je3

jeN

jdy

6HM+im iBQMb BM i?2 K2 M T?2MQivTI2 BM i?2 TQTmH iBQM + mb2 +? M;2]
2 +?2 iBK2 bi2T /m2iQ 7°2[m2M+v @ /2 T2 N/ ZNGi b kY XeZ Q@ M FUR'Y 9

%COV(Z,W) = (by+ 2bgz+ byZ)s? . us#v

a22 TT2M/Btj7Q KQ 2 /2i BHb QM i?2 v2@BPRRQHKPKYMQ " i?2 2z2+ib

Q7 7°2[Mm2M+v@/2T2M/2Mi b2H2+iBQM QM i?2 b2H2+iBQM /Bz2 2MiB H r?
" M/QKrBi?BM TQTmH iBQMX AMi?2b+2M "BQr2 T 2b2Mi ?2°2-i?2 2[mBF
MQi QMHv 7mM+iBQM Q7 / Ti iBQM iQ i?2 #BQiB+ 2MpB QMK2Mi #mi Bb

/2T2M/2Mi b2H2+iBQM +Q2{+B2Mi,
b,

—_— . +V
2bq+ bzf U8

7=

AM +QMi’ biiQ /2MbBiv@/2T2M/2Mi b2H2+iBQM U #Qp2V- 7 2[m2M+v@ /2
2[MBHB# BmK T?2MQivTIB+p Hm2i? i /Q2b MQi M2+2bb "BHvV K tBKBxXx2 i?2
i KB//H2 T M2HbBVX IM/2> 7°2[m2M+v@/2T2M/2Mi b2H2+iBQM- i?2 222+ Q7
QM Bib "2H iBp2 }iM2bb rBHH T 2+Hm/2 / Ti iBQM iQ i@ZMQM@bQ+B H 2N\

6’ 2[mM2M+v@/2T2M/2Mi b2H2+iBQM Bb +Q 2 +QKTQM2MVMD7/2pQHmIE
aKBiRN¥k M/ rBi?BM i?Bb 7° K2rQ F- Bi Bb Q7i2M bbmK2/ i? i i?2 TQTn
>Qr2p2 - i?227°2[m2M+v@/2T2M/2Mi b2H2+iBQM +Q2{+B2Mi + M HbQ z2+

bo+ ( bz + bz)Z+ (bg+ bsz)22+ bgs?

by us/v

A=

IbBM; i?2 A"a-r2 b?Qri? i i?Bb ivI2 Q7 7°2[m2M+v@/2T2M/2Mi b2H2+iBQ\
i?72 2[MBHB# BmK TQTmH iBQM bBx2 M/ 2 [nKBHB#2 B nMQ HDAINKQ M T2 WBEBh Xv
Q7 7 2[M2M+v@/2T2M/2Mi b2H2+iBQM Ub22 .Bb+mbbBQM 7Q" Qi?2 ivT2b
rBHH? p2 MQM@HBM2 ~2z2+i QM i?2 2[mB8/B¥ BimB A B TA2H i i Q I [orEB2 B,
TQTmH iBQM bBx2 #2+ mb2 Bi rBHH z2+ii?2 2H2p iBQM Q7 i?2 "2H iBQM]
K2 M }iM2bb- #mi MQi i?2 KIBQ/H2 T6E 2H b V X
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AMi2° +iBQMb #2ir22M /2MbBiv M/ T?2MQivTB+ 7 2[m2M+B2b
6’ 2[m2M+v@/2T2M/2Mi /I2MbBivbpz2 mH iBQM U

q?2M i?2 /2MbBiv Q7 i?2 TQTmH iBQM z2+ibi?2iQi H KQmMi Q7 2bQm "+
i?Bb 2z2+i /2T2M/b QM i?2 K2 M T?2MQivT2 BM i?2 TQTmH iBQMX AM Q
/2MbBiv "2;mH iBQM Bb 7°2[m2M+v@/2T2M/2MiX AMi?2 + b2 Q7 i?2 2pQHr
#Qmi i?Bb b i?2 #BQ®7iPY TQTmH iBQM z2+iBM; BM/BpB/m H }iM2bb pE
' Bp2M bmTTHvV Q7 7 QXM ;2 QHRYKEDIEIM @ aKB/iykX M BM+'2 b2 BM i?2 MmK#
Q7 ?2 pB2'BM/BpB/m Hb Q7 ;'2 i2° #Q/v K bb rBHH “2/m+2i?2 KQmMi Q7
KQ'Z2' + "Bb +QKT '2/iQ M BM+ 2 b2 BM i?2 MmK#2* Q7 HB;?i2° BM/BpB/
#2 + Tim 2/ #v i?2 +@2BB2MBM2 * “2;°2bbBQM 2[m iBQM- /2b+ B#BM; 7" 2
/2MbBiv *2;mH iBQM b i?2 2z2+i QM }iM2bb Q7 i?2 BMi2hViBQN?#22ir22M
K2 M T?2MQ@WBMU?2 TQTmH iBQM,

V= bo+ byz+ bgz?+ ban+ bzz+ bpnz . Ue V

h?2 BM+HMbBQM Q7 i?2 BBMWM2iI?mBOQM2ZPMRIiI?2 brQRB{iPR2KH iBQMb?BT
#2ir22M TQTmH iBQM bBx2 M/ HQ;}iM2bb r?2Mi?2 K2 MT?22MQivT2 Q7 i?z
+Q2{+B2Mii?2 2z2+i Q7 i?2 p2 ;2T?2MQivTi2BMi?2bQ+B H2MpB QMK2
r?2M i?22 TQTmH iBQM bBx2 Bb p2 v bK HHX r22+ MMy;BMi;?2([m? EBIM2 +i2/
2[mBHB# BmMK TQTmMVHMBOQMDBBMZbUMTQM i?2 U2[mMBHB# BmKYVY TQTmH iBC(
@Vv M/ ?Qr Bi KQ/mH i2b i?2 bi"2M;i? Q7 /2MbBiv "2;mH iBQM,

bo+ (b + bz)2+ bg(2?+ s2)

n= 5
bn + an_Z

Ue#V

>2°2-i?22 TQTmH iBQM6b K2 M T?2MQivT2 MQr KQ/2  i2b i?2 bi"2M:i? Q-
7TMM+iBQM Q7 i?B#Q2AMBOMIi° biiQi?2b+2M "BQ Q7 /2MbBiv@/2T2M/2Mi |
/2T2M/2Mi /2MbBiv “2;mH iBQM /Q2b MQi z2+i i?2 "2H iBp2 }iM2bb Q7 /|
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#°22/BM; 2TBbQ/2bX L2p2 i?2H2bb- Bi /Q2b z2+ii?2 K2 M }iM2bb Q7 i?2
2TBbQ/2bX 6 ' 2[m2M+v@/2T2M/2Mi /2MbBiv "2;mH iBQM "2~2+ib ?Qr i?2 B}
M BM/BpB/m HOb }iM2bb /2T2M/b mTQM i?2 T?2MQivT2 Q7 Qi?2  BM/BpB/
r’BH2 /12MbBiv@/2T2M/2Mi b2H2+iBQM + Tim 2b ?2Qr i?2 2z2+ib Q7 TQTmH
2T Q/m+iBp2 bm++2bb /2T2M/ mMmTQM Bib QrM T?2MQivT2X

1 "Hvi?2Q 2iB+ HKQ/2Hb 7Q+mbBM; QM 7 2[m2M+v@/2T2M/2Mi BMi2" -
mH iBQMb 2tTHQ 2/i?2 +QMb2[m2M+2b 7Q 2pQHMIBQM v bi #BHBiv Q7 /E
BKT +iQM /2MbBiv "Mh2HbIBM M UMRNIBIH "FRNY¥K h?Bb B/2 ? b #22M "2+2M
2ti2M/2/iQ bim/vi?22+Q@2pQHmMIBQM "v/vM KB+b Q7 T?2MQivT2@/2T2N\
"2;mH iBQM BM [m MiBi iBp2 ;2MMB2RW  HEYKYXF g2 b?Qr ?2Qr 7°2[m2M+Vv(
[2T2M/2Mi /2MbBiv "2;mH iBQM + M #2 2biBK i2/ b "2;°2bbBQM T * K2i2
2[mBHB# BmK bBx2 Q7 i?2 TQTmH iBQM i?°"Qm;? Bib 2z2+ib QM i?2 bHQT
QM K2 M }iM2blvX6B; X

6’ 2[M2M+v@/2MbBiv@/2T2M/20Mii\b2H2+iBQM U

h?2 M im> H 2ti2MbBQM Q7 i?2 7°2[m2M+v@/2T2M/2Mi /2MbBiv “2:mH iBQ
T?2MQivT2 /2T2M/b QM #Qi? i?2 /2MbBiv M/ 7°2[m2M+v Q7 T?2MQivT2b
AM i?Bb b+2M "BQ- /2MbBiv@/2T2M/2Mi M/ 7 2[m2M+v@/2T2M/2Mi b2H2+
#2+ mb2 i?2 "2H iBp2 }iM2bb Q7 T?2MQivT2 /2T2M/b mTQM i?2 MmK#2"
BM/BpB/m Hb BM i?2 bQ+B 2B RN)pHBX N MM RN ¥&X M 2t KTH2 +QmH/ #2
bBim iBQM r?2°2i?2 }iM2bb #2M2}ib Q7 H ;2 - KQ 2 +QKT2iBiBp2 #Q/v bB:
Q7 i?2 "2bi Q7 i?2 TQTmH iBQMX AM i?2 KmHiBTH2 “2;°2bbBQM 2[m iBQM
i7°22@r v BMi2bs#VBONIi BM; i?2 BMi2 TH v #2ir22M 7 2[m2M+v@ M/ /2
b2H2+iBQM,

V= bo+ byz+ bgz?+ bpn+ bzz+ bpinz+ bynzn+ b2z + bgnzzn . ud Vv
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>2°2-i722 +Q26#B2Mim 2b ?2Qr i?2 2z2+i Q7 TQTmH iBQM /2MbBiv QM M B
/2T2M/b mTQM i?2 K2 M T?2MQivT2 Q7 BM/BpB/m Hb BM i?2 bQ+B H 2MpB
im M-/2T2M/b mTQM i?2 BM/BpB/m H6b QrM T?2MQivT2X h?2 b2H2+iBQM .
HbQ 7mM+iBQM Q7 TQTmH iBQM bBx2 M/i?2 K2 M T?22MQivT2 Q7 i?2 TC
Ub22 TT2M/Bt kV,

%CO\(Z,W) = ( bz + [2bq + bzz_+ bzfnn]z_+ bzr]r-])sz2 . U d #V

AMi?Bb 2[m iBQM-r2+ Mb22i?2/Bz2 2Mir vbBM r?B+?2i?27 2[m2M+B2b

BMi?2bQ+B H2MpB QMK2Mi “22tT2+i2/iQ z2+ii?2b2H2+iBQM /Bz2 2Mil

Q7 i?2TQTmH iBQM i?mb /2T2M/b mTQM i?2 2[mBHB# BmK TQTmH iBQM
(bz+bznﬁ)

5 = _ ud+V
z 2bq + bzf"' bzfnn

M/ i?2 2[mBHB# BmK bBx2 Q7 i?2TQTmH iBQM-BMim M- HbQ /2T2M/b m

bo+ (b, + bz)2+ (bg+ bzz)2%+ bgs?

ud/Vv
bn + ( bzn + bnz_)2 + bzz_n22

A=

h?2 Kmim H /2T2M/2M+v Q7 i?2 2[mBHB# BmK K2 M T?2MQivT2 M/ i?2 2]
/2T2M/b HBM2 "Hv QM /2MbBiv@ b2;NV2 MW 2 MiQMR@ B-BiIB D MHY QM Bib BMi2
7°2[M2M+v@/2T2M/ M \b2 HAM iBBIMbE2M "BQ- 7 2[m2M+v@/2T2M/2Mi b2H
+iBQM rBi? /2MbBiv@/2T2M/2Mi b2H2+iBQM K v. HbQ ?BM/2" / Ti iBQM iG
d¥X h?2°27Q°2-i?2 2[mBHB# BmK T?2MQivT2 Bb MQi M2+2bb "BHv i?2 QI
TQTmH iBQM HBKDUBBT XM2HbV

AMi2 2biBM;Hv- i?Bb ivT2 Q7 +QKTHB+ i2/i?°22@r v/vM KB+br b +im
mH iBQM ;2M2iB+b KQ/2Hb # b2/ mTQM i?2 GQiF @oQHi2" " 7Q KmH iBQN
+? ° +i2 ' Bx2/#v K i'BtQ7 +QKT2iBiBQM +Q2{+B2Mib/2b+ B#BM; ?Qri?2
Q ;2MQivT2 z2+ii?2 }iM2bb Q7 i?2 Qi?2" ;MMQHhhIM2b QMNE+B 2B2U
RNW¥K h?2i?°22@r v BlVg27?mbBOQMim 2bi?72/Bz2 ' 2MiB H+QMi'B#miBQMb i

RN
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iBQM Q7 /Bz2 2Mi T?2MQivT2b- M/i?2/Bz2 2MiB H b2MbBiBpBiviQ TQTm
T?22MQivT2bX

.Bb+mbbBQM

S?2MQivTB+ 2pQHMIBQM + M + mb2 +? M;2b BM i?2 bQ+B H 2MpB " QMK2M
T?2MQivT2b Q7 BMi2® +iBM; BM/BpB/m HbX h?2b2 +? M;2b rBHH Hi2 i?2
Hi2"BM; i?2 bi'2M;i? Q7 b2H2+iBQM QM i?2 K2 M T?2MQivT2- rBi? + b+
/IVM KB+b M/ T?2MQivTIB+ +? M;2X g2 b?Qr ?Qr i?2 +? * +i2 'BbiB+b Q7 i?|
B2/ mbBM; ;2M2° HBx2/ HBM2 ~ KQ/2Hb [m MiB7vBM; i?2 b2H2+iBp2 T 2bb
KQM; M/ rBi?BM iBK2 bi2ThX "v +QK#BMBM; BM/BpB/m H@# b2/ bBKmH
b+ BTiBQMb-r2 ?B;?HB;?i ?2Qr T ~ K2i2°'b Q7 bBKTH2 KmHiIBTH2 "2;°2bb
i?72 b2H2+iBQM /Bz2°2MiB H M/ i?2 722/# +F i? i/2i2°'KBM2b i?2 2[mBHB#
BMM im HTQTmH iBQMb M/ ?2Qr K Mv BM/BpB/m Hb i?2v + M bmbi BMX
T K2i2°’bBM Qm™ KQ/2Hb p2°bmb i?Qb2 /2b+ " B#BM; i?2 Q#b2 p2/ K2 M T
bBivQ7M im>  HTQTmH iBQMb "2 Q#pBQmbHvV +QMiBM;2Mi QM i?2 p "BQn
/I2b+ " B#BM; i?2 BM/BpB/m H@# b2/ bBKmH iBQMX >Qr2p2 -Qm ;Q H?2 2
Q7 /2+QKTQbBM; i?2/Bz2°2Mi bQ+B H2MpB " QMK2Mi 2z2+ib QM TQTmH iB
}iM2bb Q7 T?2MQivT2b BM Q /2" iQ mM/2 bi M/ i?2 "2H iBp2 +QMi B#miBC(
[2T2M/2Mi T°Q+2bb2b QM i?2 2+Q@2pQHmMiBQM "v/VvM KB+b Q7 TQTmH iB
HBM2 ° "2;°2bbBQM KQ/2Hb BM i?2 ?2QT2 i? i i?Bb rBHH "2bQM i2 rBi? 2K~
i?7 iBbp2'vr2HH bim/B2/i?2Q 2iB+ HHv #mi H2bb bQ 2KTB B+ HHvVvX

yXR1pQHMIiBQM Q7 TQTmH iBQM bBx2

1pQHMIBQM #v M im> H b2H2+iBQM + M BM~m2M+2 i?2 2[mBHB# BmK bB>
T?2MQivTB+ i’ Bib z2+iBM; /2MbBiv@BM/2T2M/2Mi }iM2bb M/ i  Bib /B 2
z2+ib i?2 }iM2bb Q7 BM/BpB/m HbX 6 QK bi iBbiB+ HT2 bT2+iBp2- 2pQH
TQTmH iBQM bBx2 #v Hi2 'BM; i?2 BMi2 +2Ti M/fQ i?2bHQT2Q7i?27mM-

Ky



oay #2ir22M TQTmH iBQM bBx2 M/ K2 M }iM2bbX ;"2 i2° + “vBM; + T +Biv
sk D2H2+iBQM H2 /biQ H ;2 BMi2 +2Tip Hm2 M/fQ" b? HHQr2 bHQT2 BM
sak QM TQTmH iBQM ;" Qri? > i2X h?Bb /B+?QiQKu/+ V242 22 kEE M@ Bl /iBTRM / 2
oaj 2z2+ib QM }iM2bb 2 :;°QmT2/ BM i?2 MmK2  iQ -r?2°2 b i?2b2 /2MbBiv@/
sas "2 :;°QmT2/ BMi?2 /2MQKBM iQ X

9d8 h?2 "2H iBQMb?BT #2ir22M i?2 T?2MQivTB+ +? ~ +i2 BbiB+b Q7 TQTmkh
sde 7Q+mb Q7 2 "Hv HB72@7?BbiQ v bim@GBah h@b2HBRMI BA) KbtdQ7 qBHbQM

9dd RNYXK@b2H2+iBQM Q++m b r?22M TQTmH iBQMb "2 iHQr/2MbBiB2b- M/ b
9a3 /M+iBQM * i2b- b +QKT2iBiBQM /Q2b MQi + \Dbm i ?B @RBIN 4B ABI mQHM}iMod b b |
san. b TQTmH iBQMb TT Q +? + KWBIHR2AIB@W UpQm bi® Bibi? i2M? M+2 M
93y #BHBiv iQ KQMQTQHBxXx2 "2bQm +2b BM +°Qr/2/ 2MpB " QMK2Mib Q° BM+"
93k MIBHBX"@BWQHRNYX A7 b2H2+iBQM 7 pQm b i’ Bib 2M? M+BM; +QQT2" iBQN
9sk BirBHH BM+B/2Mi HHv BM+ 2 b2 i?2 + ""vBM; + T +Biv Q 7KTaLR2h2 + BB/ -
935 b BMBiB HHvV Bi+iZi?n° qBHUWRQIWK PM2 Q7 i?2 2 "HB2  +r@EB2Bbib Q7 i°
930 K@Qb2H2+iBQM /B+?QiQKv r b i? i b2H2+iBQM mM/2  + Qr/2/ +QM/BiBQMb
938 ?B;?22° + "VBM; + "QvBRBABXUh?Bb + BiB+BbK T "iHv bi2KK2/ 7°QK i?2 Q#b
93e D2H2+iBQM mM/2" + Qr/2/ 2MpB " QMK2Mib bQK2iBK2b 7 pQm b i’ Bibi? i’
03¢ 06+QMi2bio +QKT2iBiBQM-/2+"2 bBM; i?2 2tT2+i2/ 2[LiVIB P # HRGNKE b Bx2 Q7
933 CQb2IBHRYYRX g2 b?Qri? ii?22z2+iQ7 T?2MQivTB+2pQHmMIiBQM QM 2[mB#F
san + M #2 BM72 2/ #vi?2 bB;M M/ K :MBim/2 Q7 iB2 Meh,;20BbBOM/202({BB2Mib
ony ?2Qr i?2 T?2MQivT2b BM i?2 bQ+B H 2MpB " QMK2Mi z2+i M BM/BpB/m Hob
onR 1?72 ++2bb iQ "2bQm ™ +2bX

onk  a2H2+iBQM mM/2" +°Qr/2/ +QM/BiBQMb b? TBM; i?2 +QKT2iBiBp2 #BHB
onj B2/ mM/2° i?2 + QaMDH2ZTH GG KPNVB BiIRy yRX M 2t THB+Bi /BbiBM+iBQM + M- i?2
one K /2 #2ir22M i?2 2pQHmMIBQM Q7 /2MbBiv@/2T2M/2Mi b2H2+iBQM bi* i2;E
one + Qr/BM; i?2°Qm;? ?B;?22  2{+B2M+E®M22» Qi QN2VmHZ bimb i?22 2pQHmMIiBQ N
one i? | +QKT2iBiBp2Hv BM?B#Bi i?2 }iM2bb Q7 Qi?2 b raz@bZBImB QBIYM /12 VH
ona TQTMH iBQM ;2M2iB+b KQ/2Hb Q7 7°2[m2M+v@/2MbBiv@/2T2M/2Mi b2H 24
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+QMb2[m2M+2b Q7 BMi2® +iBM; ;2MQivT2b rBi? /Bz2V2Mi +QRVRMBiB @M +
T +BiBRIBAUDbQM "MNBIH "FRN¥K JQ/2Hb bim/vBM; bBKBH " /vM KB+b ? p
#22M /2p2HQT2/ mbBM; [mMm MiBi iBp2 ;2M2iB+b 7° K2rQ F iQ bim/v 2+ Q(
biQ+? biB+ 2MpBI R MBER MK KYyX AM HBM2 rBi? i?2b2 "2+2Mi [m MiBi iBp2 ;2
r2b?2Qr?QrbQ+B Hi" Bib+ M KQ/mH i2i?2bi 2M;i? Q7 /2MbBiv "2;mH iB(
mH iBQM /2MbBiv QM BM/BpB/m H }iM2bb /2T2M/b mTQM i?2 T?2MQivT2b
TQTmH bRRMIQ  r?2M i?2 2z22+ib Q7 TQTmH iBQM /2MbBiv QM M BM/Bp
MTQM Bib QrM THDZMNEitP2 W2H iBp2 K ;MBim/2 Q7 i?2b2irQ T ' Q+2bb2b rBt
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U/BpB/BM; #vV Bib bi M/ .2 G2BPIBHZB Qap 2MRON M ?22b2 bi M/ “/Bx iBQMb b?G
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2KTB B+ H M Hvb2b K v 7Q+mb QM i?2 b2T " i2 pBi H  i2bX 6m i?2 KQ":
RY M22/b iQ #2 KQ/B}2/ r?2M bim/vBM; i?2 /vM KB+b Q7 K H2b M/ 72K H2
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72K H2 "2+ mBib T°Q/m+2/ #v 2 +? BM/BpB/m H Wrebi/2#2 s\B @242 2 k UB)
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Q7 2 +? BM/BpB/m H #v irQ BMbi2 / Q7 /BpB/BM; i? 2uMark#2V R 1 ?BH mBib
2Mbm 2b i? i i?2 K2 bm"2 Q7 }iM2bb mb2/ BM i?2 “2;°2bbBQM M HvbBb BI
T K2i2'Bb2/ b SQBbbQM Q M2; iBp2 #BMQKB H KQ/2HX2A7BOQK?2M M2 -
i?72 2biBKb§2BM i?2 KmHIBTH2 “2; 2bbBQM iQ Q#i BM i?2 +Q "2+ip Hm2 7Q
TQTmH iBQM r?2M Bib bBx2 Bb bK HHX

AiBb HbQ p2'vBKTQ'i MiiQ MQi2i? i mbBM; 6KBt2/6 K2 bm 2b Q7 }iM2
H2 /iQ #B b2/ 2biBK i2b Q7 b2H2+iBQM M/ BM ++m’  i2 BM72°2M+2b #Qr
/ImHi T?2MQivT2bX h?Bb Bb #2+ mb2 bm+? }iM2bb K2 bm 2b +QK#BM2 /Bz
Dmp2MBH2 bm pBp H M/ /mHi 72+mM/BivV- K FBM; Bi +? HH2M;BM; iQ /I
i° Bib7°'QKb2H2+iBQM QM /mHii Bib M/ Q#b+m ' BM; i?2 /BbiBM+iBQM #2
: BM- "2b2 “+?2'b b?2QmH/ M Hvx2 2 +? }iM2bb +QKTQM2Mi b2T " i2Hv i
mM/2 bi M/BM; Q7 ?2Qr b2H2+iBQM QT2 i2bQM 2 +?2 i  Bi M/ ?Qri?Bb z2+
iQ b2H2HBRAM U h? Q K-k@ X
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QM TQHv;2MB2Mi2iBiR®d- R9k8 R99jX

*2 "H2brQ i?- "X URNARVX a2H2+iBQM BM /2N b B i@ k2 9l i2d IDQTmH iBQ

*2 “H2brQ'i?- "X URNNONBQOM BM 2@ai m+XrkR/ SOM¥nH KEEBME2 aim/B2b B
J i?2K iB+ H"BQHQ;vX * K#'B/;2 IMBp2 ' bBiv S 2bbX

*H "F2- "X URNdKVX .2MbBiv@/2ZP2MK2MB b 2VH R +irBRYNMBEKIR RjX

k3



ces .2 GBbH2- aXSX ap2MbbQM- 1XAX UkyRdVX PM i?2 bi M/ “/Bx iBQM Q7 }i
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eds 1M;2M- aX- q B;?2i-CX- v @ DQv-uX ami?2 - "X1X UkykyVX S?2MQIiVvTE
ecats  2MpB QMK2Mib, i?2 +QMi'B#miBQM Q7 7 2[m2M+v Mp RHDIBI®-M2T 2 M/ 2
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