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Abstract

1. Assessing the biological relevance of variance components estimated using MCMC-
based mixed-effects models is not straightforward. Variance estimates are constrained
to be greater than zero and their posterior distributions are often asymmetric. Different
measures of central tendency for these distributions can therefore be very different, and
credible intervals cannot overlap zero, making it difficult to assess the the size and statis-
tical support for among-group variance. This is often done through visual inspection of

the whole posterior distribution, and so relies on subjective decisions for interpretation.

2. We use simulations to demonstrate the difficulties of summarising the posterior
distributions of variance estimates from MCMC-based models. We then describe different
methods for generating the expected null distribution (i.e. a distribution of effect sizes
that would be obtained if there was no among-group variance) that can be used to aid in

the interpretation of variance estimates.

3. Through comparing commonly used summary statistics of posterior distributions of
variance components, we showed that the posterior median is predominantly the least bi-
ased. We further show how null distributions can be used to derive a p-value that provides
complimentary information to the commonly presented measures of central tendency and
uncertainty. Finally we show how these p-values can facilitates the implementation of

power analyses within an MCMC framework.

4. The use of null distributions for variance components can aid study design and the
interpretation of results from MCMC-based models. We hope that this manuscript will
make empiricists using mixed models think more carefully about their results, what they

present and what inference they can make.
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Introduction

Estimating variance components using mixed-effects models is common in ecology and
evolution (Bolker et al., 2009; Harrison et al., 2018). Mixed-effect models are a flexible
statistical tool used to study hierarchically structured data, including extensions for esti-
mating quantitative genetic parameters (animal models; Henderson, 1988; Kruuk, 2004)
and comparative analysis (meta-analysis and phylogenetic mixed models; Hadfield & Nak-
agawa, 2010). Markov chain Monte Carlo (MCMC) algorithms are increasingly used to
fit mixed-effects models, due to their flexibility and availability of open-source software
(e.g. winBUGS (Gilks et al., 1994), JAGS (Plummer, 2003), MCMCglmm (Hadfield,
2010), Stan (Stan Development Team, 2022b)). MCMC algorithms are a collection of
probabilistic simulation methods for generating observations from designated statistical
distributions and are typically implemented within a Bayesian framework (Gelman et al.,

2013).

MCMC methods have many advantages in ecology and evolution. For instance, we are
commonly interested in derived measures such as a standardised measure of variance (e.g.
repeatability, heritability and evolvability Nakagawa & Schielzeth, 2010; Houle, 1992).
These derived measures can be estimated using the whole posterior distribution of their
components, allowing uncertainty to be propagated both within and among analyses. In
contrast, in a maximum likelihood framework, the methods to estimate the uncertainty of
derived metrics (such as the delta method) can be biased with small sample sizes (O’Hara
et al., 2008). Data in ecological and evolutionary studies are also commonly non-Gaussian,
for example counts (e.g. number of offspring), binary and ratio data (e.g. survival,
presence/absence, sex ratio) and categorical data (e.g. colour morphs, horn type in
sheep). The performance of MCMC algorithms in generalized linear mixed-effects models
has been found to be superior in terms of accuracy and precision compared with Restricted
Maximum Likelihood (REML) approaches (O’Hara & Merild, 2005; de Villemereuil et al.,

2013). Bayesian methods also allow existing information to be incorporated as a prior
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distribution, although this has rarely been used in ecological or evolutionary studies

(Lemoine, 2019).

Despite these clear advantages, there are several issues that empiricists face when
using MCMC mixed-effect models. Here we address the issue that variance estimates and
their uncertainty can be hard to describe and interpret, especially when trying to assess
their biological relevance. We highlight two problems that can occur when estimating
variance components, both of which centre around the difficulty of describing the posterior
distribution of variance components using summary statistics: (i) finding an appropriate
measure of central tendency; and (ii) assessing the statistical support for non-zero among-
group variance. These problems stem from variance estimates being constrained to be

greater than zero and that their posterior distributions are often asymmetric.

In order to describe the posterior distribution, we often present some measure of cen-
tral tendency alongside some measure of uncertainty (quantile-based intervals or Highest
Posterior Density (HPD) intervals). The posterior mean, median and mode have all been
used as measures of central tendency, and more recent works have suggested the general
use of the posterior median (Gelman et al., 2020; McElreath, 2020). There is, however,
no clear guidance on which measure provides a more appropriate summary statistic for
variance components, although in our experience the mode and mean are most commonly
reported. When the posterior distribution of a variance component is far away from zero
and is symmetric, then the mean, median and mode are approximately equal (Figure
la) and inferences are robust to the choice of central tendency metric. However, when
variances are small (relative to the total variance) and/or there are small sample sizes
(both of which often occur in ecology and evolution), the posterior distributions can be
close to zero. As variances are constrained to be greater than zero, these posterior dis-
tributions are typically asymmetric and can even be bimodal. Consequently, there can
be a considerable difference between the mean, median and mode, with the mode often

lying close to zero (Figure 1b). This discrepancy makes it is difficult to draw inference
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about the magnitude of the posterior variance estimate.

Use of the posterior mode is often justified as being the closest to the maximum like-
lihood estimate (MLE) when uninformative priors are used. However, this comparison
refers to the joint posterior mode, rather than the marginal mode that is typically esti-
mated and reported. In more complex models, the joint and marginal modes may differ
(Held & Sabanés Bové, 2020, Section 6.5.4), meaning that the marginal mode and MLE
are no longer the same. As shown in Figure S2, the convergence of the posterior mode
and MLE also requires the use of uninformative improper priors, which are generally not
advised (Gelman et al., 2013) and are thus seldom used. The posterior mode is also hard
to estimate; it is typically done using kernel density estimation and different methods
may provide quite different estimates (Figure 2), thereby providing an additional source
of hidden ambiguity. Furthermore, the mode requires a larger number of samples in
the posterior distribution to be reliably estimated, and will show greater variation be-
tween models/chains run on the same dataset (Kruschke, 2015). In contrast, the mean is

strongly affected by extreme values, and so by the long tail of an asymmetric distribution.

It is also often important to assess statistical support for among-group variance at a
particular level. Typically 95% credible intervals (CRIs) are presented as a measure of
uncertainty in parameter estimates derived from MCMC model fits. As variance com-
ponents cannot overlap zero, CRIs give no information about the compatibility of the
estimates with the null hypothesis (no among-group variance). Posterior distributions
are often inspected visually, as histograms or density plots, in order to assess whether the
distributions are biased towards zero, which is commonly assumed to signify that the es-
timated variance is not different from zero. What is seldom appreciated, however, is that
the degree of smoothing that is applied in such plots (via the binning interval or band-
width) can alter these conclusions. This means that the same distribution can be seen
as uni- or bimodal, or peaking at zero or away from zero (Figure 2). Such assessments

therefore tend to be highly subjective and lack a proper quantitative basis.
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To address this, several methods for generating metrics for assessing the confidence
in a result (such as p-values) have been suggested in a Bayesian framework (reviewed
in Makowski et al., 2019a). Two of these, Region of Practical Equivalence (ROPE) and
Bayes factors, can be used for variance components. The ROPE approach identifies a
range of values considered negligible or too small to be of any practical relevance (i.e. the
Region of Practical Equivalence), and quantifies the proportion of overlap between the
posterior distribution and the ROPE. This is similar to equivalence testing in a Frequen-
tist framework, specifically to the two one-sided tests (TOST) approach (Lakens et al.,
2018). Bayes factors are analogous to Frequentist likelihood ratios, comparing different
models (for example with and without the random effects of interest), but unlike likeli-
hood ratios they incorporate information from the prior distributions into the comparison
of the models (Morey et al., 2016). Both of these metrics can be used to provide a mea-
sure of statistical support for estimates of variance components, but their implementation
is complicated - ROPE requires the definition of a threshold, incorporating further sub-
jectivity into the analysis, whilst the computation of Bayes factors can be challenging,
and even not implementable in some commonly used programs (e.g. MCMCglmm). We

discuss these two methods further in the discussion.

Here we suggest a complementary method to assess statistical support in mixed-effect
models, which compares the estimated variance components to a null distribution in
order to inform the statistical inferences made from the model. This involves creating a
distribution of effect sizes that would be expected under the null hypothesis (no among-
group variance) and comparing this null distribution with the observed among-group
variance. This method has several advantages. Null distributions can be used to generate
a p-value describing the probability that the observed estimate is as or more extreme than
expected under the null hypothesis. Although often criticised through their association
with Null Hypothesis Significance Testing (NHST; Wasserstein & Lazar, 2016; Amrhein
et al., 2017; McShane et al., 2019; Amrhein et al., 2019), p-values have well understood

and useful properties. When correctly interpreted, these test statistics provide a useful
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tool by indicating how inconsistent an observed effect size is with a scenario in which
there is no among-group variance. In contrast to the ROPE method, the creation of
a null distribution requires no subjective decisions about thresholds and, in contrast to

Bayes Factors, they can be implemented using the output from any Bayesian model.

We present two methods, permutation and simulation, for generating null distributions
for variance components. When generating a null distribution using permutation, some
feature of the data or data structure is randomised to produce a new dataset that contains
the structure of the original dataset, but where there is no relationship between the
response variable and the variable of interest (the among-group variance in this case).
This randomization is repeated a large number of times (e.g. 1000) to create many
different permuted datasets. The same analysis is then carried out on the permuted
datasets as on the original dataset, and a test statistic of interest (e.g. the estimate of
among-group variance) is used to create a null distribution of test statistics (Figure lc,d).
A (one-tailed) p-value can then be derived as the proportion of permuted datasets with
a test statistic greater than or equal to the test statistic observed with the real data set.
Permutation tests have already been suggested as an alternative to likelihood ratio tests
for frequentist analyses (Fitzmaurice et al., 2007; Samuh et al., 2012), although they are
not commonly utilized in ecology and evolution (but see Araya-Ajoy & Dingemanse, 2017;
Stoffel et al., 2017). Permutation tests are a subclass of nonparametric tests (Pesarin
& Salmaso, 2010; Lehmann & Romano, 2005) and do not rely on specific probability
distributions, and so make few assumptions. However, as we show later in the manuscript,
datasets can be permuted in several different ways when the data structure is complex,
and the consequences of the choices involved in such cases are often not immediately
obvious. An alternative method of creating a null distribution is using simulations. This
process is similar to permutation, but instead of generating permuted datasets we can
simulate datasets from the observed model parameters (in a similar way to parametric
bootstrapping), whilst setting the variance in question to zero. This simulation method

makes more assumptions about the data and model, but allows for more control of the
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manipulated features of the simulated datasets compared with permutations.

Finally, a crucial part of designing experiments and statistical analyses is assessing
the power to detect an effect size of interest. Power is defined as the probability of
rejecting the null hypothesis (i.e. no among-group variance) for a given effect size at
a specified alpha level (typically 0.05), and so is dependent upon the generation of p-
values. Although power relates to NHST and the often criticized alpha level (Wasserstein
& Lazar, 2016; Amrhein et al., 2017; McShane et al., 2019; Amrhein et al., 2019), it
and analogous metrics (Gelman & Carlin, 2014) remain an important tool for study
design regardless of statistical philosophy, and this is because it provides a quantitative
approach to calculating optimal sample sizes and designing sampling regimes. Power may
also provide a more useful metric than precision when considering variance components.
As their distributions are bounded at zero, standard errors will always decrease when
distributions are close to zero (see Supplementary Figure S4). However, the concept
of power for variance components in MCMC models is not well developed. As null
distributions can be used to generate p-values, they also provide a convenient way of

conducting power analysis.

Here, we first compare commonly used summary statistics of posterior distributions
of variance components. We then demonstrate the utility of null distributions (i.e. a
distribution of effect sizes that would be obtained if there was no among-group variance)
to generate a complementary p-value statistic and aid the interpretation of the variance
components. Comparison with a null distribution provides a quantitative measure of
confidence that the observed variance component is larger than what might be expected
under the null hypothesis, given the data structure and priors used. Importantly, we
are not advocating that this approach should replace the presentation and use of ef-
fect sizes (e.g. posterior mean/median/mode) and credible intervals, but rather that it
should be used as an additional and complementary statistic. Finally, we show how null

distributions can be used to perform a power analysis within an MCMC framework.
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Methods

Generation of Simulated Datasets

Simulated datasets were generated out in R (version 4.1.0 R Core Team, 2022) using
the squidSim R package (version 0.1.0 Pick, 2022). We first simulated Gaussian data
with one hierarchical level and varied the number of observations per group (2 and 4)
and the number of groups (20, 40 and 80). We simulated a total variance of 1 and
varied the among-group variance (0, 0.1, 0.2 and 0.4; since the total variance simulated
was 1, these are also the respective intra-class correlations (ICCs)/repeatabilities). We
simulated every combination of these parameters (24 parameters sets) and for each set we
simulated 500 datasets. Power to detect among-group variance is known to be determined
by effect size and sample size both within and among groups. We deliberately chose these
parameter values and sample sizes to explore scenarios where power is low (Dingemanse &
Dochtermann, 2013) to understand the impact on posterior distributions. These sample
sizes also correspond to typical experimental designs in behavioral ecology or life history

data collected on wild populations (Bell et al., 2009).

We analysed each simulated dataset with a linear mixed-effect model specifying group
level random effects in a Bayesian framework, using Stan with the rstan package (version
2.21.3 Stan Development Team, 2022a). We specified weakly informative priors on the
among-group and residual standard deviations (half-Cauchy distribution with scale 2),
and ran one chain for each model with 5000 iterations and a warm-up period of 2000
iterations. Across the majority of models (95%) this ensured an effective sample size
in the posterior distribution of the among group variance of >500. For comparison, we
also ran REML models using the lmer function of the Ime4 package (version 1.1-29 Bates

et al., 2015), the results of which are shown in the Supplementary Figure S1.

As a demonstration that our findings hold with more complex data, we simulated

Bernoulli data (binomial with one observation) with 80 groups and 4 observations per

10
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group. Among-group effects were simulated from a Gaussian distribution on the latent
scale, with among-group variances of 0 and 0.2. The latent scale response variable was
then transformed using the inverse logit function to provide the probabilities, and sampled
with a Bernoulli process. We simulated 100 datasets for each variance, and analysed the

data as outlined above.

Comparison of Posterior Distribution Summary Statistics

From the posterior distributions of the among-group variances, we calculated the posterior

mean, median and mode, and compared these estimates with the simulated values.

While calculating the mean and median of the posterior distribution is straightfor-
ward, there are several ways of estimating the mode of the marginal posterior distribution,
which involve some (hidden) assumptions. Commonly used functions in R include the
posterior.mode function in the MCMCglmm package (Hadfield, 2010), the Mode func-
tion in the ggdist package (Kay, 2022), and the map_estimate function of the bayestestR
package (Makowski et al., 2019b). Typically these functions estimate the mode by es-
timating the parameter value at which the kernel density is maximised. Kernel density
estimation essentially involves fitting a model to the distribution of posterior samples
to estimate a density function. The maximum of this function (the estimated mode) is
then calculated over a series of predicted values. One key parameter in kernel density
estimation is the bandwidth, which essentially describes the amount of smoothing and
is analogous to the number of breakpoints in a histogram (Figure 2). Common meth-
ods generally scale bandwidth generated by specific algorithms. MCMCglmm scales the
bandwidth generated by Silverman’s ‘rule of thumb’ algorithm (nrd0; eqn 3.31 in Sil-
verman, 1986) by 0.1 (i.e. it is much less smoothed; Figure 2d). In contrast, ggdist
and bayestestR use the default values of the nrd0 and SJ algorithms (Sheather & Jones,
1991), respectively (the default bandwidth of the nrd0 algorithm is also used by density

function in R; Figure 2a). The impact on the potential inferences caused by the choice
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of scaling is demonstrated in Figure 2, with the degree of smoothing affecting where the
posterior mode is estimated. To explore this impact of bandwidth, we estimated the
posterior mode using these two bandwidth scalings (0.1 and 1). The kernel density was
estimated using the SJ algorithm (Sheather & Jones, 1991), and the mode was estimated
using 512 predicted values with a cut point at zero. These additional parameters all differ
between commonly used functions, but have much smaller impacts upon the results than

the bandwidth, and so we hold them constant here.

To ensure that our results, especially on the mode, were not driven by the choice of
the prior, we ran additional models on a subset of the data (ICC=0.2, N groups=80,
N within=2) with a half-Cauchy prior with scale 5 and 25, and uniform priors from 0
to 5 and 0 to 25 on the among-group standard deviation. The half Cauchy prior has
been recommend for variance components (Gelman, 2006) and is commonly used (note
it is equivalent to the parameter expanded priors in MCMCglmm). For demonstration
purposes, we also ran models in MCMCglmm specifying uninformative improper priors.
Given the simplicity of these models, the posterior mode is expected to correspond to the
REML estimate. The different parametrizations of the half Cauchy and uniform priors
resulted in no difference in the results (Figure S2). As expected, using an uninformative
improper prior led to a concordance between REML and posterior mode, although the
strength of this similarity differed between the different methods used to estimate the

mode (Figure 52).

To compare these different measures of central tendency, we calculated the bias as
> 0;—0 (where 0 is the true simulated value, 6; is the model estimate from th simulation
in a parameter set, and n is the number of simulations). For the non-zero effect sizes,
we also calculated relative bias = 3 @ and absolute relative bias = > @. We also
calculated the precision as 1/ %Z(@AZ —6)2, which we present in the Supplementary
Figure S4.
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Creation of null distributions and p-values

We created null distributions for each simulated dataset using two methods. First, we
permuted the datasets by shuffling the group indices (IDs) to create 100 new datasets,
each of which was analysed in the same way as the original dataset. From each permuted
dataset, we extracted the same parameters (the estimates of central tendency in the
posterior distribution of the among-group variance) as for models fitted to the original
data and created the corresponding null distributions. Second, we used simulations to
create the null distribution. To do this, we simulated datasets with no among-group
variance. To ensure the same total variance we added the posteriors of the among-group
and residual variances of the original model, and we used the median of the resulting
distribution as our inputted value for the simulated residual variance in the null model.
The choice of the median for this step should have little consequence, as this derived
distribution will be estimated with much less uncertainty and so will be symmetric,
meaning that the three measures of central tendency will be equivalent. Each simulated
null dataset was analysed in the same way as the original dataset, and we extracted the

same parameters to create the corresponding null distributions.

Although we recommend using a larger number of permutations/simulations to build
up a null distribution in empirical studies (e.g. 1000), here we used 100 permutations and
simulations to generate null distributions for these simulated datasets in order to reduce
the computational burden (500 simulations for 4 variances, with 6 different sample sizes is
12000 datasets, for each of which we performed 100 permutations and 100 simulations).
We then calculated a p-value for each original dataset, as the proportion of estimates
in the null distribution that were higher than the estimate from the original data. We
calculated p-values using each central tendency measure, and these are compared in

Figure S5.
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Power analysis

Using the simulated datasets outlined above, we compared two ways by which power can
be calculated. Power is defined as the probability of rejecting the null hypothesis (i.e. no
among-group variance in this case) for a given effect size and data structure at a specified
alpha level (typically 0.05). To do this, we calculated the proportion of datasets in which
the p-value was below a nominal threshold of 0.05. It is worth noting that, although
power has a superficial connection with NHST, power can also be seen as a description
of the distribution of p-values expected for a given effect size and data structure. Other
descriptions of this distribution (e.g. the mean) would be simple functions of the power.
We therefore chose to present power as a description of the distribution of p-values as it
is conceptually well understood and frequently used, rather than due to any philosophical

alignment with NHST.

First, we estimated power using the p-values generated though comparison with the
null distributions from both permutation and simulation approaches outlined above (‘full’
method). We were also able to calculate the false positive rate for this method (essentially
the power when the simulated value is 0). Second, we used the model estimates from the
simulated datasets with zero among-group variance for each data structure (combination
of among- and within-group sample sizes) as a null distribution, against which the es-
timates from simulated datasets with among-group variance could be tested (‘reduced’
method). This method of estimating power is similar to the simulation method of gen-
erating null distributions, but involves generating one null distribution for all datasets
with the same data structure, instead of null distribution for each dataset. It is therefore
massively less computationally intensive for power analyses, because to explore power
within the parameter space presented here it only required the running 12,000 models,
rather than 1,212,000. It is not possible to calculate a false positive rate for this method,
as this would involve comparing the null distribution with itself, and so the false positive

rate would be 5%, by definition.
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Results

Comparing summary statistics of the posterior distribution

When the simulated among-group variance was zero, all summary statistics were up-
wardly biased to some extent (the posterior distribution cannot include 0; Figure 3a).
Predictably, the posterior mean and median from datasets with zero variance were con-
siderably more upwardly biased for small sample sizes, in contrast to the mode. The
mean was the most biased as it is heavily influenced by the tail of the distribution. Con-
sequently, this upward bias is stronger when the uncertainty is high (i.e. when the tail is
large). Note, however, that this upward bias is also present in Frequentist analyses (see

Figure S1), and is not just a feature of Bayesian analyses.

When the simulated among-group variance is non-zero, then the mean, median and
mode all appeared to be consistent estimators, in that any bias occurred only at small
sample and/or effect sizes. The posterior median generally converged on the simulated
value at lower effect and sample sizes (Figure 3b), as compared with the posterior mean,

which was upwardly biased, and the posterior mode that was biased towards zero (Figure

3b).

When considering the absolute relative bias (Figure 3c), the mean and median show
very similar levels of bias, with exception of the lowest sample and effect size combination
where the mean was more biased. This suggests that although the mean is more likely to
be upwardly biased, the magnitude of the bias is similar in the two measures. However,
the mode is consistently more biased than the other measures (Figure 3c), although
this bias disappears at higher sample and effect sizes. Following the example shown in
Figure 2, the bias in the mode depends upon the bandwidth that was used, with higher
smoothing showing less bias across the two bandwidths tested. We found similar patterns

in our Bernoulli simulations (Figure 5a).
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Performance of the null distributions

As expected, both permutation and simulation methods produced a uniform distribution
of p-values when applied to datasets where the simulated among-group variance was zero
(Figures 4). The distribution of p-values from both tests then shifts towards zero as the
sample size and the magnitude of the variance increase (Figure 4). Similar patterns were

found in the Bernoulli simulations (Figure 5b).

Importantly, although the mean, median and mode were often quite different in magni-
tude (reflecting skew in the posterior distribution), the inference based upon the p-values
did not differ between the different metrics. There were strong correlations between p-
values estimated with the different metrics, with the exception of the mode estimated
with less smoothing (see Figures S5 and S7). P-values were also strongly correlated
between null distributions generated through simulation and permutation methods (see

Figures S6 and S8).

Power analyses

When considering the full method of estimating power, both ways of generating null
distributions (permutation and simulation) gave very similar results (Figure 6), with
marginally higher power for the permutation method. These power estimates are very
similar to previous published estimates for Frequentist models (Dingemanse & Dochter-
mann, 2013). These methods also displayed the expected false positive rates (5%) under
all simulated conditions (black points in Figure 6). The reduced method for estimating
power, using the same null distribution for all simulation datasets within a particular

data structure, generally gave a similar power to the other methods (Figure S9).

As with the p-values, power was not particularly sensitive to the measure of central
tendency used, the highest power being seen in the mode with higher smoothing and the

lowest power with the mode with less smoothing (Figure S9).
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Worked example - Random slopes

As is often the case, the examples presented above are simplistic and empiricists com-
monly encounter more complex questions and data structures in their studies. Here we
outline a more realistically complex example where the permutation of datasets require

some careful decisions.

Random slope models (where group-specific intercepts and slopes are modelled, also
known as random regression) provide a good example of this complexity. We will fo-
cus here on generating a null distribution for the estimate of among-group variance in
slopes. This estimate is based upon the relationship between the predictor variable and
response, the distribution of the response variable across groups, and the distribution of
the predictor variable within and across groups. This provides us with four possibilities
for permutation: 1) permuting the response variable (retains data structure and breaks
all relationships with response); 2) permuting the predictor (retains the group data struc-
ture, breaks link between predictor and response, and the distribution of the predictor
across groups); 3) permuting the group identities (breaks the group data structure, but re-
tains link between predictor and response); and 4) permuting the predictor within groups
(retains the group data structure and the distribution of the predictor across groups, but
breaks link between predictor and response). Additionally, we can also generate a null
distribution through simulation, where we can simply simulate no among-group variance
in slopes, adding the variance generated by the random slopes to the residual to ensure
the same total phenotypic variance. Below we explore these different null distributions
using a simulated and a real data set. Null distributions were generated based upon the

analyzes of 100 null datasets.
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Simulated dataset

We imagined a hypothetical researcher measuring the body mass of a bird species at
different times of the day with the aim of studying how temperature affects body mass.
The question of interest was to asses whether there is variation among individuals in
how temperature affects their body mass. The (simulated) observed data set consisted of
300 individuals measured 4 times each. Body mass and temperature were both normally
distributed. Temperature was scaled to have a mean of 0 and variance of 1, and has an
effect on body mass of 0.2 for the average individual. The simulated among individual
variance in the intercepts was 0.2 and the phenotypic variance generated by variation
in slopes was 0.1 (with no correlation among random slopes and intercepts), while the
residual variance was set to 0.7 to ensure a total phenotypic variance not explained by
the average effect of the environment was 1. Formulas to estimate the total phenotypic
variance in random slope models can be found in Allegue et al. (2017) There were no

systematic differences in the average temperature experienced by the different individuals.

Real world dataset

For our example with real data, we used a study on variation in the plastic aggressive
response to intruders of great tits (Parus major) in a nestbox population in southern
Germany (Araya-Ajoy & Dingemanse, 2017). Aggressiveness data were collected over a
6-year period (2010-2015) for all male birds during their first breeding attempt each year.
The aggression test started when a taxidermic mount of a male great tit was presented on
a 1-2 m wooden pole with a playback song 1 m away from the subject’s nest box. They
subsequently recorded the behaviour of the focal male for a period of 3 min after it had
entered a 15 m radius around the box. Simulated territorial intrusions were performed
twice during the egg-laying stage and twice during the egg-incubation stage of each focal

nest. Therefore, males had repeated measures both within- and among-years.
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We analysed 2854 aggression tests performed to 1042 breeding attempts of 679 in-
dividuals. The average number of years for which we obtained an individual’s reaction
norm was 1-4, with 513, 142, 44, 8, 8 and 1 individual(s) sampled for one, two, three, four,
five or six breeding attempt(s) (years), respectively. On average, we acquired 2-8 (out of
4) data points for male aggressiveness per breeding attempt (i.e. year), because males
did not always respond to the territorial intrusion experiment (Araya-Ajoy & Dinge-
manse, 2017). Details of the experimental setup, and assayed behaviours, are provided in
Araya-Ajoy & Dingemanse (2014). For the purpose of this paper, we used the subject’s
minimum distance to the mount as a measure of aggressiveness because previous work
implies that this behaviour represents a reliable predictor of the intensity of an aggressive

response in both stages of breeding (Araya-Ajoy & Dingemanse, 2014).

Random slope methods

Both datasets were analysed using random slope mixed-effects models, specifying the en-
vironmental predictor (temperature for the simulated example and breeding stage for the
real example) as a fixed covariate, and random intercepts and environment slopes across
individuals. We then generated 5 null distributions (4 permutations and 1 simulation),
as outlined above, with which we compared the estimate of among individual variance in
slopes from the observed data. Breeding stage (egg-laying versus egg-incubation) was first
coded as zero (for laying) versus one (for incubation), and subsequently mean centred and
standardized to standard deviation units. Models were fitted in a Bayesian framework,
using Stan with the rstan package (version 2.21.3 Stan Development Team, 2022a). We
specified weakly informative priors on the among-group and residual standard deviation.
We ran three chains for the model of the simulated and real observed data with 5,500
iterations and a warm-up period of 500 iterations. To decrease computational burden,
the models for the permuted/simulated data sets were run for only one chain. We then

generated five null distributions of posterior medians for each dataset, using the methods
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described above.

Random slope results

The different types of null distributions provided the same qualitative results, support-
ing the conclusion regarding among-individual variation in slopes, in both the real and
simulated datasets (Fig 7). For these datasets, permuting individual identity created
null distributions with a larger mean value of random slope variance (see Discussion for
an explanation). It is important to note that these results relate only to this specific
example and may not generalize to other studies. We therefore recommend exploring the
particular consequences of using different types of permutations for specific datasets, if a

reader wishes to use a permutation method.

Discussion

Through the use of simulations, we demonstrate the difficulties of summarising the poste-
rior distributions of variance estimates from MCMC-based models. We describe different
methods for generating null distributions that provide useful complimentary informa-
tion alongside the presentation of central tendency and uncertainty that are generally
reported. We also show a way in which null distributions could be used to derive a p-
value, which is an easy addition to the statistics presented when summarizing a posterior

distribution and also facilitates power analysis.

Summary statistics

Our experience in ecology and evolution is that both posterior mean and mode are com-
monly, but inconsistently, presented without justification. For fixed effect parameter

estimates, this is typically inconsequential, as the posteriors are usually symmetrically
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distributed. When estimating variance components, however, our simulations show that
depending upon the underlying parameter value, both of these measures can show large
biases in opposite directions. When posterior distributions are close to zero and there
1s among-group variance, the posterior mode is very biased towards zero, whereas the
posterior median and mean perform much better. On the other hand, if there is no
among-group variance, the mode is by far the least biased. The mode, however, suffers
further from subjectivity in its estimation. Our simulations also show that the estimation
of the mode depends on the underlying algorithm for mode estimation. Unfortunately,
the method of mode estimation is rarely justified or even stated in empirical papers. The
mode also requires larger posterior distributions to be reliably estimated and will show
greater variation between models/chains (Kruschke, 2015). Given this hidden ambiguity
in the estimation of the mode, we would therefore cautiously recommend the presentation
of the posterior median, or both median and mean, as a measure of central tenancy for
variance components. This recommendation is based upon the median being generally
less biased than the mean when power is low. Presenting both allows the discrepancy to
be seen, showing that the distribution is near to zero and not symmetric, further stressing

the uncertainty in these measures.

Upward biases in variance components have been seen before when power is low, but
the dependence on the choice of the central tendency metric has not been highlighted.
For example, Fay et al. (2022) note overestimation of variance components in Bernoulli
models, with this overestimation decreasing in size as sample size and effect size increase.
Fay et al. (2022) use the posterior mean as a summary statistic, and (as we show in
Supplementary Figure S10) this bias will decrease (although not disappear completely)
through the use of a posterior median. This is not just a bias in Bernoulli models, or in
fact MCMC models (Figure S1), but a general property of variance components estimated

with low power.

It is often argued that rather than presenting summary statistics, we should present
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and interpret the whole posterior distribution, which are frequently presented using den-
sity plots. Again, the underlying parameters of the kernel density estimation are usually
not presented alongside the density plots, meaning the amount of smoothing is not doc-
umented. A large degree of smoothing can hide asymmetry and/or bi-modality, and so
change inferences. We therefore suggest the use of histograms over density plots in the
presentation of posterior distributions, because although they are subject to the same
smoothing problems, the degree of smoothing is explicit in the histogram, but hidden in
the density plot. Alternatively, other plots that explicitly show the raw posterior samples

(e.g. beeswarm plots) could be used (e.g. Figures 4 and 5).

Null distributions

The null distribution approaches outlined here are relatively easy to use, and allow quan-
tification of confidence that a variance estimate is the result of a biological process rather
than a consequence of the choice of priors and data structure. Importantly, the p-values
based upon null distributions are not dependent upon what measure of central tendency
is used. Such inferential statistics comparing the observed estimates with the null distri-
butions can provide quantitative measures that can be reported alongside the observed
estimates and uncertainty, and provides a useful tool for assessing the probability that
variance components are non-zero and thereby supplement visual inspections of posterior
distributions, or comparison of posterior mode, median and mean. Furthermore, they
can serve as an objective and easy-to-communicate assessment of the biological relevance
of an estimated variance component to the general public and policy makers, or for the
statistical support of non-zero values for derived statistics like heritability, repeatability
or evolvability. Common criticisms of p-values include that they are often misinterpreted
or used for NHST. We would therefore recommend readers thinking of using the null
distribution approach to acquaint themselves with the literature on these topics (some

useful examples include Wasserstein & Lazar, 2016; Amrhein et al., 2017; McShane et al.,
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2019; Amrhein et al., 2019). Importantly, p-values cannot demonstrate absence of effect,
just confidence in difference from the null hypothesis (here no among-group variance).
We believe generating null distributions will help empiricists understand these concepts,

as they can be used to give a visual representation of what a p-value signifies.

As we illustrate in our examples of random slopes, there are different ways of per-
muting datasets, which become more varied as the complexity of the data structure and
model increase. Our example on random slope analysis demonstrated that these differ-
ences can lead to qualitatively similar results, although whether they always or usually
do so would require a much broader set of simulations than we report here. Interestingly,
permuting individual identity created null distributions with noticeably larger values of
random slope variance. We believe this is due to the existence of random slopes in the
simulated and real data set generating heterogeneous residuals (i.e. variance in response
changed with the environmental predictor) that were confounded with random slope vari-
ation in the analyses of the null data sets (similar effects are also shown in Ramakers
et al., 2020). The other permutation methods break up the relationship between the
predictor and response, and so the average estimate for the null distributions was lower.
This illustrates how comparing the results of the different methods of null distributions
generation may provide insights that may be used to inform the statistical inferences

from estimated variance components.

In some instances, generating a null distribution using permutations may not be
possible. For example, in event-history models of survival (where individuals have an
entry for each time point where they are observed, in a sequence of 0’s for time points
they survive and a 1 for the time point after which they die). In this case, permuting the
individual identifiers would fundamentally alter the data structure, meaning that some
individuals had multiple deaths. This could be made to work in the context of an animal
model, where the observed 0’s and 1’s could be interchanged between individuals, so that

the same between individual structure was maintained, but the link with the pedigree
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was broken. This serves to demonstrate that some care needs to be taken when assessing
the suitability of permutations and how they impact the data structure on a case-by-
case basis. Overall, we are not advocating a specific recipe for permutations here - it is
likely context and question dependent. We instead advocate a simulation approach at
the planning stage, using simulations to check in advance that the permutation design

gives desired properties with your likely data structure.

Generating null distributions through simulation avoids many of the issues with the
permutation approach, although it does not account so well for the particularities of each
data set. Simulation has the advantage that it allows the structure of the data to be
fully retained, a more fine-scale alternation of the variances in question, and it makes
no additional assumptions than those already being made by the statistical model itself.
Reassuringly, in our random slope example, the null distributions generated using the
simulation method were similar to the other methods. We therefore cautiously recom-

mend the use of this simulation method, as it is the most flexible for complex models.

These null distribution approaches are, however, computationally intensive and ap-
plying them can take a long time depending upon the model complexity, the amount
of data and the available computational resources. MCMC methods are often used for
highly complex problems (e.g. double hierarchical GLMs; Cleasby et al., 2015), where
running a large number of permutations may not be an option. The number of permuta-
tions/simulations that are run affects the precision with which a p-value can be calculated
and the minimum p-value that can be calculated - a null distribution of 100 can have a
minimum p-value of 0.01 and vary by intervals of 0.01. This is why we would recommend
a higher number of samples in the null distributions than we used here. However, we
were able to produce meaningful results with 100 simulations, and even a few permuta-
tions/simulations would give some idea (although much less reliably) of how incompatible

the observed variance was with the range expected under the null hypothesis.
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Alternative approaches

A p-value is defined as the probability that an estimate equal to or more extreme than
the observed estimate would occur under the null hypothesis (i.e. if the true among-
group variance is zero). It relies upon the distribution of p-values being uniform when
the null hypothesis is true, a property that is expected to be invariant to sample size (as
we show in Figure 4). P-values therefore provide support for the alternative hypothesis,
but they do not provide support for the null hypothesis. The ROPE value and Bayes
factors aim to assess actual support for the null hypothesis, and therefore depend upon
sample size. Below we outline the potential issues that empiricists may encounter when

trying to employ these methods.

The ROPE introduces another source of subjectivity into the analysis, because it
involves an arbitrary threshold that needs to be defined. This is not trivial in the case
of variance components, as small variances can have large knock-on effects. For example,
McFarlane et al. (2015) find that maternal genetic effects account for 2% of variation
in fitness, but this small amount predicts a 56% increase in mean lifetime reproductive
success in less than 10 generations, which is highly biologically meaningful. Bonnet et al.
(2022) address this by using simulations to demonstrate the biological relevance of the
thresholds they use (0.01 and 0.001, for the variances not ICC). There is also discussion
about whether the overlap of the whole posterior or the 95% credible interval should
be used with ROPE (Makowski et al., 2019a; Schwaferts & Augustin, 2020). As with
NHST, 95% is also an arbitrary cutoff, and so the ROPE would represent the overlap
of two arbitrary thresholds. ROPE is often discussed in a context where a cost-benefit
analysis can be used to work out the minimum effect size that warrants the use of a
particular intervention, for example of medical interventions (Kruschke, 2018). Typically
this is not relevant for research in ecology and evolution as, in many cases, it is of interest
whether variance in a particular component exists, and if so its magnitude. We think

there is clear application for using ROPE in fields like conservation, where interaction
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with stakeholders requires thresholds over which decisions need to be made, but for many

empiricists, ROPE requires more subjective decisions to be made and justified.

Bayes factors can be used to test the ’significance’ of parameters in Bayesian mixed-
effect models. However, the calculation of Bayes factors that allow inferences to be
made about variance components is not straightforward. They require large posterior
distributions for stable estimation and are sensitive to both prior and model specification
(Gelman et al., 2013; Navarro, 2019; Schad et al., 2022) and there is some ambiguity in
which models should be compared and what questions they answer (van Doorn et al.,
2021). Bayes factors are also not implementable in all programs, including commonly
used programs in ecology and evolution (e.g. MCMCglmm). Our approach provides
an alternative to this method, which is easily implemented and allows straightforward
interpretation with reference to the probability that the estimate obtained is inconsistent

with the data structure and model specification alone.

Power analysis and possible alternatives

Power analysis is controversial as it relies on NHST. NHST is controversial because its
misuse has been attributed to scientific misconduct and the replication crisis (Wasserstein
& Lazar, 2016; Amrhein et al., 2017; McShane et al., 2019; Amrhein et al., 2019), issues
which relate to the use of p-values after data collection and analysis. Power analysis, how-
ever, serves a clear purpose in aiding experimental design, and is conducted pre-analysis,
and so is perhaps not subject to the same criticisms. Suggested alternatives, such as Type
M and Type S error, also rely upon calculation of p-values and definition of an arbitrary
alpha value, and are both a simple function of power (Gelman & Carlin, 2014). Type S
error (proportion of significant estimates that have the opposite sign) is not relevant for
variance components. Type M (absolute relative bias of significant estimates) gives some
additional information but, unlike power, it is affected by the measure of central tendency

that is chosen (Figure S11). Power can also be seen as a description of the distribution
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of p-values expected for a given effect size and data structure. Other descriptions of this
distribution (e.g. the mean) would be simple functions of the power, but the common
use of this metric makes it more widely understood. An alternative to power would be to
design studies around a desired level of precision in estimates. Although this works for
unbounded parameters, precision is difficult to interpret for variance components, and
SE will decrease as true value gets closer to zero, not because precision increases, but
because it is limited by zero (see Figure S4). We would therefore suggest that power still

provides a suitable metric for designing studies to estimate variance components.

We show two methods of power analysis based upon null distributions. The first (full)
involves generating p-values for each simulated dataset by generating a null distribution
for that dataset. This method is highly computationally intensive as it involves running
a certain number of simulations multiplied by the number of permutations/simulations
models, which could realistically be one million models per parameter. Our alternative
method (reduced) is to generate a single null distribution for each data structure, and
generate p-values by comparing the parameter estimates from the simulated datasets to
this single null distribution. This method gives similar results to the full approach and
is massively less computationally intensive (requiring running 2000 models rather than
a million for each set of parameters). The disadvantage is that the false positive rate

cannot be calculated.

Even if power is not the intended use (or there is an objection to arbitrary alpha
values), these simulations can serve an extremely useful purpose before studies are con-
ducted. First, these simulations allow a empiricist to consider the distribution of p-values
expected under a given effect size and design (note that power is essentially a descriptions
of the shape of this distribution). Second, the null distribution of point estimates can
be considered - this enables the distribution of effect sizes that can occur under the null
hypothesis to be visualised. Even if an empiricist does not want to calculate a p-value,

creating a null distribution is still a powerful way of seeing the distribution of estimates
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that would be generated with no among-group variance, and would serve to encourage

caution in how results that lie within that distribution are interpreted.

Recommendations

1. Using the posterior median as a measure of central tendency for posterior distri-

butions of variance components from MCMC-based models. Our results show that
the median is the least biased estimate, but will overestimate variances when power
is low. Reporting multiple measures of central tendency allows any asymmetry in

the posterior to be made obvious.

. Reporting of smoothing values in kernel estimation. Kernel density estimation is

commonly used for estimating the posterior mode and creating density plots. The
parameters used in this estimation are seldom reported, but can have a large impact
on interpretation. We advise the reporting of parameters in the kernel density
estimation, or the use of more explicit methods of plotting posterior distributions,

such as histograms.

. Using null distributions for inference. Null distributions provide a way of putting the

observed parameter estimates into a context expected under an explicitly defined
null hypothesis (i.e. no among-group variance). Null distributions can be created in
multiple ways, but they are most easily controlled when generated using simulations.
As with many aspects of statistical analysis, there are many decisions relating to
generating null distributions that may have an affect on the results. Therefore,
these methods should be defined pre-analysis, in order to reduce researcher degrees

of freedom.

. Using a null distribution to estimate power. As well as aiding post-hoc inference,

null distributions can be used for power analysis. We provide details of a method

for doing so that does not present a large computational burden.
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= Figures

Figure 1: Posterior distributions of variance estimates for two different scenarios (a and b) and their
respective null distributions (¢ and d) generated using permutations. Example a) shows a symmetric
posterior distribution far away from zero with close agreement between the posterior mean (red lines)
and mode (blue line), whilst b) shows an asymmetric posterior distribution close to zero, with clear
divergence between the posterior mean and mode. c) and d) show null distributions of posterior means
generated through permuting the datasets, and corresponding p-values, of a) and b), respectively. The
values given in a) and b) correspond to mean (mode) [CRIs]. Both datasets were simulated with among-
group variances of 0.2, but with differing sample sizes; a) with 80 groups and 4 observations per group;

a) b)
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b) with 40 groups and 2 observations per group.
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Figure 2: The effect of bandwidth choice on the estimation of the posterior mode. Top row shows kernel
densities of the same posterior distribution, estimated with different bandwidth scalings, from 1 in a)
to 0.1 in d). Red lines shows the posterior modes estimated from that scaling. Bottom row shows the
equivalent histograms for comparison.
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Figure 3: Bias (a), relative bias (b) and absolute relative bias (c) of posterior mean, median and mode
of variance components from simulations varying in among group variance (ICC - 0, 0.1, 0.2, and 0.4)
and sample size within (2 or 4) and among (20, 40, 80) groups. Two posterior modes were estimated:
mode-1 and mode-0.1 with more and less smoothing, respectively (see text for more details).
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Supplementary Materials

Supplementary Methods
Simulations based on Fay et al. (2022)

We simulated datasets based on Fay et al. (2022), but ran simplified models (univariate
instead of bivariate), as the purpose was simply to demonstrate the effect of different
measures of central tendency on the bias in these models. We simulated data with the
same parameters of one set of simulation in Fay et al. (2022) - fast life history and
low heterogeneity. We simulated the probability of survival as 0.5 and probability of
reproduction as 0.7, standard deviations on the latent scale of 0.2 for both survival and
reproduction and a correlation of 0.6 between the two. We simulated 100 datasets from
sample sizes of 250, 500, 1000, 2000, 4000 individuals. For each simulated dataset we ran
a binomial GLMM, with random effects of individual identity using Stan with the rstan
package (version 2.21.3 Stan Development Team, 2022a). We specified weakly informative
priors on the among-group standard deviations (half-Cauchy distribution with scale 2),
and ran one chain for each model with 7500 iterations and a warm-up period of 2000
iterations. We then estimated the posterior mean, median and 2 modes as in the main

text.
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Figure S4: Precision increases with sample size, but decreases with effect size. The different panels show
the precision of posterior mean, median and mode of variance components from simulations varying in
among-group variance (ICC - 0, 0.1, 0.2, and 0.4) and sample size within (2 or 4) and among (20, 40,
80) groups. Two posterior modes were estimated; mode-1 and mode-0.1 with more and less smoothing,

respectively (see text for more details).
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Figure S5: Comparison of p-values generated with different measures of central tendency using both
stmulations and permutations. 49
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Figure S6: Comparison of p-values generated using permutation and simulation methods across all mea-
sures of central tendency.
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Figure S7: Comparison of p-values generated with different measures of central tendency from GLMDMs
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Figure S8: Comparison of p-values from GLMMs generated using permutation and simulation methods
across all measures of central tendency.
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Figure §9: Comparison of power among different measures of central tendency
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upon Fay et al. (2022).
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