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ABSTRACT

Organisms often divide reproductive investment among outputs that differ in morphology,
timing, or reproductive mechanism. In this paper I extend the minimum-risk treatment of
seed heteromorphism to the more general question of organisms with ‘portfolios’ of
biologically distinct reproductive outputs. The resulting framework specifies a common
investment and fitness currency, calculates returns and covariances across shared
environmental states, and compares minimum variance at fixed expected fitness with
maximization of long-run geometric growth.

I then derive general inclusion criterion for an additional output and provide an
analysis of two seed morphs and a clonal propagule present in four hypothetical
environments. For this result, an expected return of three results in the clone reduces
minimum variance by 83.6%. When both systems are optimized independently for geometric
growth, the clone enters despite lower standalone arithmetic and geometric returns than the
optimized seed-only portfolio, with the geometric mean growth rising by 5.2% even as
arithmetic mean return falls. Overall, these illustrative calculations demonstrate the
usefulness of this framework, since it provides an explicit procedure for showing how
different reproductive outputs must perform as one portfolio, illustrates how to compare

portfolios, and can be used to develop allocation predictions.

KEYWORDS
reproductive heteromorphism; reproductive allocation; portfolio theory; clonal reproduction;

environmental variation; geometric mean fitness
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INTRODUCTION

Organisms can produce more than one kind of reproductive output. These outputs may differ
in size or morphology (Smith and Fretwell, 1974; Imbert, 2002; Scholl et al., 2020; Chen and
Giladi, 2020), disperse over different distances (Venable and Brown, 1988; Bonte et al.,
2012), remain dormant for different periods (Baskin and Baskin, 2014; Lennon et al., 2021),
or enter the environment at different times (Cohen, 1966; Koons et al., 2008; ten Brink et al.,
2020). Some organisms also divide reproductive investment between sexual offspring and
clonal propagules (Vallejo-Marin et al., 2010; Barrett, 2015; Yang and Kim, 2016). These
routes need not succeed under the same environmental conditions (Venable and Brown,
1988; Starrfelt and Kokko, 2012). They therefore raise a question that cannot be answered by
examining each output separately: how should an organism allocate finite reproductive

resources among alternatives whose successes vary together or independently?

In this paper I propose to treat this as a reproductive portfolio strategy problem. For any set of
available reproductive outputs (live offspring, seeds, stolons, spores, eggs, etc.) the portfolio
defines the fraction of investment allocated to each, and each output can then be evaluated
using a cost and a fitness return that can change with the environment. The performance of a
strategy therefore depends on its allocation, individual returns, and the relationships among
those returns. Furthermore, an output with modest average success may contribute
disproportionately when the remaining portfolio performs poorly. Conversely, a productive
output may offer little diversification when it fails under the same conditions as the others
(Real, 1980; Venable and Brown, 1988). I consequently evaluate each output as part of a

complete reproductive portfolio, considering both risk and long-run growth.
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Much of the background I use is not new; tracking environmental variation has long shaped
theory about reproduction and life-history decisions. Cohen (1966) examined reproductive
timing in fluctuating environments, and work on seed dormancy, dispersal, and
heteromorphism described diversification across time and space (Venable and Lawlor, 1980;
Venable, 1985; Venable and Brown, 1988; Imbert, 2002; Gianella et al., 2021). Real (1980)
explicitly linked uncertainty, negatively covarying behaviors, and diversification. Frank and
Slatkin (1990) separated levels of reproductive variance and their correlations; Yoshimura
and Clark (1991) and Haccou and Iwasa (1995) developed stochastic optimality and mixed-
strategy models. Later treatments clarify the roles of means, variances, and correlations and
the empirical difficulty of inferring bet hedging from observed mixtures (Seger and
Brockmann, 1987; Philippi and Seger, 1989; Childs et al., 2010; Simons, 2011; Starrfelt and
Kokko, 2012). A phylogenetic comparison also links seed heteromorphism to aridity-related
environmental variation, without establishing that every mixture is bet hedging (Scholl et al.,
2020). These studies establish that neither covariance nor geometric mean fitness is new. The
question I address is how to calculate them for outputs that differ in reproductive mechanism

and demographic timing, using a single empirically accountable investment and return scale.

Two related criteria are needed to evaluate reproductive portfolios. Variance describes how
widely reproductive return fluctuates around its mean; for multiplicatively growing lineages,
expected logarithmic growth describes long-run performance across fluctuating generations
(Lewontin and Cohen, 1969; Philippi and Seger, 1989; Starrfelt and Kokko, 2012). A strategy
with low variance need not maximize long-run growth, particularly if its average return is
also low (Yasui, 2022). In a previous paper, (Hughes, 2018) I developed minimum-risk
allocation rules for two or more seed morphs and described the attainable fitness—risk

combinations. That study also anticipated extending the comparison to sexual seeds and
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vegetative propagules. Subsequent theoretical work has investigated how seasonal
uncertainty, seedling competition, and adult survival jointly shape the evolution of early- and
late-germinating seed strategies in perennials (ten Brink et al., 2023). That work explains
ecological conditions favoring mixed germination; the present extension instead establishes
how returns from distinct reproductive mechanisms can be compared on a common
accounting basis. Moreover, this extension also accounts for unequal production costs and
delays before reproduction (Dorken et al., 2025), as well as genetic transmission through
different reproductive routes (see: Lloyd, 1976; Xu, 2024). Once these contributions have
been calibrated, I ask which portfolio composition minimizes variance at a specified expected
fitness and which composition maximizes long-run return. I then develop a general model
that can be applied to any set of identifiable reproductive outputs that draw on a common
budget and have comparable returns, and provide an analytic demonstration using a

hypothetical organism (a plant) that produces two seed morphs and a clonal propagule.

Three measurement problems must be resolved to effectively compare heteromorphic
offpsring portfolios. First, direct comparisons of offspring counts is obviously insufficient:
their investments require a common resource scale (Goldberg et al., 2020; Dorken et al.,
2025), and their fitness contributions generally require a common temporal and demographic
reference framework (Caswell, 2001). Second, fitness returns must be recorded across
common or similar environmental states to produce useful measures of covariance. Third, the
minimum variance at a prescribed mean and the maximum rate of multiplicative growth (i.e.,
intrinsic rate of increase) are distinct objectives, and allocation predictions to maximize each

must be calculated separately.
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In this paper, I provide a portfolio approach to address these challenges. I first establish a
framework by defining comparable investment and fitness returns across reproductive
mechanisms, and then derive calculable minimum-variance and maximum log-growth
equations to test predictions. I then use a four-environment hypothetical example to show
how adding a clonal offspring can alter the attainable risk, long-run growth, and reproductive
investment profiles for existing seed morphs. In doing so, I integrate existing portfolio
optimization frameworks (see: Markowitz, 1952; Kelly, 1956, Hakansson, 1971; Cover and
Thomas, 2006) to generate something new: an explicit cross-mechanism of reproductive
accounting and a set of tools to describe the measurable consequences of differences in

morph-specific allocation.
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THEORETICAL FRAMEWORK

Biological accounting and model assumptions

To compare distinct reproductive outputs, we must first define what scarce resource is
invested and what is deemed to count as a reproductive return. Consider an organism
producing two seed morphs and a clonal propagule. Output counts alone cannot reveal fitness
consequences: a seed may fail before establishment, while a ramet may persist and reproduce
later. Prior work has shown that reproductive costs can reflect some combination of costs
associated with current investment, subsequent survival, and future reproductive success
(Obeso, 2002; Dorken et al., 2025). Consequently, in this analysis we define an output by its
production route and credit its attributable contribution to later reproduction. We also do not

treat distinct reproductive outputs as demographically interchangeable.

We begin with a fixed reproductive budget over a defined production interval, as has been
implemented in classical resource-allocation models (Smith and Fretwell, 1974; Roft, 1992;
Stearns, 1992). The limiting resource might be biomass, energy, or carbon, but every output
must be charged in the same units. A return per unit investment equals the fitness
contribution attributable to an output divided by its production cost. This separates
reproductive investment from propagule number. Given these definitions, allocation accounts
for establishment, survival, later reproduction, and consequences for parental fitness under
one consistent convention (Obeso, 2002; Goldberg et al., 2020). Next, the fitness currency
must identify a genetic or demographic target and a shared reference census. For example, a
dormant seed and an established ramet may contribute to an individual’s lifetime fitness at
different times. Here, I compare them at a specific time point and/or express later
contributions in common reproductive-value units (Fisher, 1930; Caswell, 2001; Tuljapurkar,

1990). Genetic transmission requires equally consistent accounting of maternal and paternal
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routes (Lloyd, 1976; Xu, 2024). For example, a heterozygous parent transmits a specified
allele through an ovule with probability one half. However, when a heterozygous parent self-
fertilizes, the seed receives an expected half-copy of the focal allele via the ovule and another
half-copy via pollen. Together, these give an expected total of one allele copy per seed,
before accounting for establishment (Lloyd, 1976). This is not the same as the probability that
the seed carries the allele at all, which is three-quarters (Crow and Kimura, 1970). A clonal
ramet, by comparison, inherits one copy of the focal allele, assuming no somatic mutation
(Harper, 1977; Schoen and Schultz, 2019). To compare these reproductive routes fairly, we
must account for the resources invested in pollen whenever we count its genetic contribution.
We must also avoid counting establishment or future reproductive benefits more than once.
For connected ramets, this means determining to what degree the ramet adds to the
reproductive value of the entire genet, rather than counting the ramet's contribution and then
counting the same benefit again as a contribution to its parent (Harper, 1977; Goldberg et al.,

2020). Supplementary Section S1 works through these distinctions.

In this paper, our baseline model allocates a fixed budget among » output types. We let each
nonnegative allocation fraction be x;, with all fractions summing to one. An output's return
per investment unit is deemed to be fixed within each environmental state, and investment in
it (i.e., increasing the number or quality of one reproductive output) does not directly alter the
return per unit invested in another output; it only affects the overall tradeoff. Consequently,
the total return is additive. Allocation is determined before the environmental state is known
rather than in response to an informative cue; this distinguishes the baseline from cue-driven
plasticity (Simons, 2011). This formulation seems to reflect natural conditions; for example,
in a trimorphic desert annual, moisture, nutrients, and competition alter the proportions and

mass allocated to different diaspores (Gan et al., 2020). However, the present model does not



172  treat cue-dependent changes as a single fixed strategy. Developmental constraints may further
173  restrict feasible mixtures; physiological integration or diminishing returns would require an
174  allocation-dependent, nonlinear extension (Goldberg et al., 2020).

175

176  Joint environmental returns and covariance

177  Rather than simply taking a weighted average of all output fitness, the portfolio outputs must
178  be observed together to establish whether they buffer or reinforce one another's fluctuations
179  (Real, 1980; Frank and Slatkin, 1990; Venable and Brown, 1988). For example, experiments
180  in the clonal grass Stipa breviflora found that reproductive and vegetative ramets responded
181  differently to warming and precipitation. Moreover, no sexual—clonal trade-off was observed
182  (Saixiyala et al., 2023). This example illustrates why taking paired measurements of output
183  returns is critical, and it can be incorrect to assume that an environmental factor (in this case,
184  drought) necessarily favours one route. In our theoretical framework, an environmental state
185  therefore represents the complete set of conditions from output production to the common
186  fitness census.

187

188  We can then assign each of m environmental states a probability i, and obtain a return for
189  each output in every state. The return matrix R has environmental states in rows and

190  reproductive outputs in columns; its entry in row e and column i therefore represents the

191  return of output i in environment e. As shown above, empirical tests should use paired

192  observations, since fitness returns from one population and ramet returns from an unrelated
193  second population do not establish their covariance in a common reproductive system.

194

195  We can then weight each output’s returns by state probabilities to yield a mean. Next,

196  weighting the paired deviations from those means gives their associated variance and
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covariance. In this scheme, a negative covariance means that two outputs tend to deviate in
opposite directions, whereas a positive covariance means they deviate in the same direction
(Frank and Slatkin, 1990; Starrfelt and Kokko, 2012). The effect of each output depends on
its covariance with the existing portfolio, and not merely on whether its covariance with any

one component is negative or not.

Minimum variance at fixed fitness and maximum long-run growth
We can then use these returns to address two biological objectives. At a specified expected
return, we can first identify the feasible allocation with the smallest variance; this involves
fixing the mean to prevent a uniformly unproductive strategy from appearing successful
merely because it generates very consistent returns. Repeating this calculation across
attainable means gives a minimum-variance locus, extending the risk-allocation treatment of
Hughes (2018) and related diversification models (Real, 1980; Venable and Brown, 1988;
Yasui, 2022). Subsequently, we can maximize expected log growth when reproductive
returns cause a tracked lineage to grow exponentially across generations (Lewontin and
Cohen, 1969; Kelly, 1956). In this case, the fitness return credited to the reproductive budget
should be calibrated using a positive per-generation multiplication factor. Adult carryover
must either be included once in that factor or be absent over the chosen interval, since
dropping an additive survival contribution can change the optimum (Caswell, 2001;
Tuljapurkar, 1990). Moreover, I note that it is well known that a propagule count or allele-
copy count is not automatically evidence of a lineage growth multiplier.

In what follows we deriveobjectives and an output-inclusion criterion; the illustrative

model subsequently applies them to four hypothetical environments.

10
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With investment and returns defined on a common scale, we can now derive whole-portfolio
performance, the least-variable allocations at fixed fitness, and the separate condition for

improving long-run growth. Figure 1 summarizes the accounting steps.

11



225

Sexual output A

Common cost and Joint environmental
fitness currency returns

Reproductive Sexual output B —>

budget

Clonal output C

226

227  Figure 1. A hypothetical reproductive portfolio comprising three heteromorphic reproductive
228  outputs. Outputs produced through different mechanisms draw on the same reproductive

229  budget. Their returns are expressed on a common cost and fitness scale, and joint

230  performance is calculated from the joint environmental performance of the complete strategy.
231
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Constructing the reproductive portfolio

We begin by calculating the return of the whole organism rather than considering each
propagule in isolation. For any given environment, we expect that a fraction x; of the
reproductive budget is assigned to output i. Each unit of that investment generates return 7; in
that environment. Multiplying the allocation by its return gives that output’s contribution to
the strategy, and the sum of all such contributions is equivalent to the return of the complete

portfolio.

We(x) = Xiz; x;imi(e) = (Rx), (1)

Equation (1) shows a portfolio’s return for a given environment. To compare strategies before
the environment is known, we can next calculate their expected returns. For any number of
environmental configurations, each environmental outcome has probability w.. We can
therefore multiply equation (1) by that probability and add over all states. Because the
allocation is fixed before the state occurs, we can collect the terms belonging to each output

and replace its probability-weighted return by its mean, y; as follows:

EWEE)] = Yeme Xix;iri(e) = Xixipy =X (2)

This result gives the portfolio’s expected mean return. It does not yet tell us how uncertain
that return is. To calculate risk, we first find how far the whole-portfolio return departs from
its mean in each environment. Subtracting equation (2) from equation (1) leaves the
allocation-weighted deviations of the separate outputs. We square the total deviation,

multiply by the probability of the relevant environment, and add over states as follows:

Var[W] = ¥ . m. ¥; X x; xj[r;(e) — l‘i][rj(e) - “j] )

13
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Expanding the squared sum in equation (3) produces a term for every pair of outputs. The
probability-weighted product of two outputs’ deviations is their covariance. Denote the

matrix of those covariances by X. Grouping the terms by output therefore gives:

Var[W] = Zi 2] X; El]x] = XTZX (4)

Equation (4) represents the portfolio variance. For two outputs it reduces to the variance
calculation reported in Hughes (2018) for two seed morphs, and this can be generalized to
any organism producing two morphs in the same way. However, for a portfolio containing
three outputs (for example, two seed morphs and one stolon), the portfolio analysis must
include the covariance between each seed morph and the clonal output, as well as covariance
between the two seeds. Thus, measurements of the cross-mechanism covariances are required
to determine whether different reproductive routes buffer one another. Once Equation (4) is
computed, we will have converted a set of biologically different outputs into a comparable

expected return and a comparable risk for the combined output portfolio.

Finding the minimum-variance frontier

Theoretically, a consistently unproductive output could have low variance without providing
a useful reproductive strategy. A fixed-mean comparison separates a risk benefit from an
apparent reduction in risk caused simply by lowering expected fitness (Real, 1980; Hughes,
2018). At a target mean M, we therefore minimize variance over the feasible allocations as

follows:

V,(M) =ming x'Ix, XE€A, uwx=M (5

14
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In equation (5), the feasible set contains allocations permitted by the budget and any
developmental restrictions. Using this equation we can solve for each attainable value of
expected fitness. The resulting solutions form the minimum-variance point: at a given mean,
no feasible allocation lies below it. The portion on which variance cannot be reduced and
mean cannot be increased simultaneously is the efficient frontier in the stricter mean—
variance sense. We use the full minimum-variance locus because it displays the trade-offs

over all biologically attainable means.

Next, we can ask how access to another reproductive output can change this frontier. For
example, suppose an organism already allocating reproductive effort among » outputs instead
allocates to n + I. The first trivial case is where the new output receives zero investment,
requires no obligatory expenditure merely to remain available, and leaves the original options
unchanged. The organism can therefore reproduce every old portfolio by investing nothing in
the new output. It can also try additional allocations that were unavailable before. Minimizing

variance over this larger set gives:

Var /(M) < Vo (M) (6)

This result expresses the opportunity created by an additional output: at any mean that the
original strategy could attain, the best available variance cannot become greater simply
because more allocations are possible. To determine the size of the improvement, we subtract

the minimum variance of the enlarged portfolio from that of the original one:

AV(M) =Vo,(M) =V (M) 20 (7)
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Here, aany positive value of AV shows that the additional output creates a lower-risk strategy
at that expected return. Moreover, a value of zero means that the available allocation set does
not improve the frontier there. In addition, the costs of developing or maintaining an
additional reproductive mechanism must be included in the resource budget before this
comparison can be made, which leads us to then consider which nonzero allocations an

organism can actually choose.

How covariance determines the contribution of a new output form

We can see how diversification works by considering one additional output at a time. Let P
be the return of an existing reproductive portfolio and C the return of a candidate output, such
as a stolon. Suppose the organism transfers a small fraction 7 of its investment from P to C
without changing the relative proportions of the original outputs. The new return would

therefore be:

W) =({—-t)P +tC, 0<t<|l (8)

To calculate the variance of this quantity, we square the weighted deviations of P and C from
their means. The squared contribution of P is its variance, v, multiplied by the square of its
remaining allocation. The corresponding contribution of C is its variance, s, multiplied by the
square of z. The resulting cross-product gives twice the covariance, ¢, which is then

multiplied by both allocation fractions:

V()= —-t)v+t’s+2t(I —t)c 9)

16
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With Equation (9) we can now ask whether the first small real investment in C reduces the
variance of the existing portfolio. Expanding equation (9) gives v + 2t(c —v) + (v + s — 2¢).
We can then take its derivative with respect to ¢ and evaluate it at t = 0. The result is 2(c —
v). This means that a small introduction of C decreases variance when its covariance with P is
less than the variance of P itself. The initial benefit depends on how the new output performs
alongside the whole existing portfolio and its variance determines how that benefit changes

as its allocation increases.

There is one further distinction in this calculation. If C has a different mean from P, shifting
investment between them likely also changes the mean value or return of the output portfolio.
The covariance condition therefore establishes a marginal reduction in variance, whereas
equation (5) answers the stricter question of how variance can be reduced when expected

fitness remains unchanged. We use the latter comparison in our analytical test below.

From minimum risk to evolutionary fitness

Minimum variance at a fixed mean does not by itself identify which allocation pattern is
favored under multiplicative lineage growth. For example, if a lineage increases by a positive
factor W each generation, its abundance over successive generations depends on the product
of those factors. Taking logarithms turns that product into a sum, whose long-run average is
expected log growth under stable environmental frequencies (Lewontin and Cohen, 1969;
Kelly, 1956). Other work has considered a separate measure combining the mean and
variability of log growth rather than equating minimum variance with maximum growth

(Okabe and Yoshimura, 2022). We therefore use the distinct objective:

maxye 49 (%) = E[log(X; x; R;)] (10)
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Unlike equation (5), equation (10) does not resolve or fix the arithmetic mean, but bnoth
objectives nonetheless use the same calibrated return distribution. We assume positive scalar
lineage multipliers and environmental frequencies for which time-averaged log growth
converges to its expectation; age-structured or otherwise non-scalar systems require a

different growth analysis (see: Caswell, 2001; Tuljapurkar, 1990).

We can now determine whether any individual output type merits investment in the complete
strategy. Increasing the allocation x; changes the total return by R; for each unit added, before
the budget is rebalanced. Taking the derivative of the logarithm multiplies this change by

1/W. Averaging over environments therefore gives the marginal contribution:

ag _ R;
ax; E W(X,E)] (11)

At maximum fitness (e.g., the optimum), the returns on outputs receiving investment must
balance once the common budget is considered. We can then introduce a multiplier A to
require that all allocations sum to one. That is, for every output with positive allocation, the
derivative shown in equation (11) equals A. If this is true, we can then multiply each equality
by that output’s allocation and add them. The numerator becomes the complete portfolio
return W, and the sum on the left is E[W /W], or one. Because the allocations also sum to
one, the right side equals A. Hence A = 1. Outputs in use meet this threshold and any unused

output cannot exceed it at the optimum:

B[] =1ifx; >0, E[%|<1ifx} =0012)

18
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This provides a direct biological test for an evolutionary scenario in which an output may be
or may have evolved. We can let P be the currently optimized portfolio and C a candidate
output. We transfer a small fraction of investment from P to C, as in equation (8), but now
calculate the change in expected log growth. Differentiating log[(1 — t)P + tC] with
respect to t and evaluating at zero gives E[(C — P)/P]. Since E[P/P] = 1, a small investment

in C improves long-run growth precisely when:

E[f]>7  3)
Equation (13) gives the marginal inclusion condition in a measurable form: compare the
candidate output with the whole portfolio it would join in each shared environmental state,
then average the ratios. Importantly, any biologically evolvable output can improve growth
despite a lower standalone return if it is capable of contributing disproportionately where the
original portfolio performs poorly. This criterion itself is established in log-optimal portfolio
theory (Kelly, 1956; Cover and Thomas, 2006), and in our framework its role is to evaluate

reproductive outputs that differ in mechanism.
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ILLUSTRATIVE MODEL

This framework can be useful for identifying the adaptive dynamics at play when morph
distributions differ across time and space among populations or clades. To illustrate this, we
can specify a hypothetical organism with sexual seed morphs A and B and clonal output C.
We can then suppose four equally probable environmental states that determine the cost-
adjusted returns (fitness) of each morph. This construction allows two comparisons using a
common dataset: one that identifies the minimum variance at a fixed arithmetic mean and

another that identifies unconstrained long-run growth optima.

Four-state reproductive return model

We sfirst stipulate the following positive returns per common investment unit and reference
census. Let R represent a return matrix. Each row represents one environmental state, and
each column gives the reproductive return per unit of investment for seed A, seed B, or clone
C. Let also & represent the vector of environmental probabilities. Because the four states are
equally likely, each has a probability of 0.25. The superscript T indicates that the

probabilities are written as a column vector. Thus:

, m=(0.250.25,0.25,0.25)T (14)

NN = O
N = A
AU NN

We then represent the vector of expected reproductive returns as u, and each entry gives the
mean return per unit of investment for one reproductive output, averaged across the four
environmental states. The three outputs then have arithmetic means of 4.75, 2, and 3.25,

respectively:

20
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19
4
p=| 2 (15)
1

4

w

Their covariance matrix, calculated from paired state-specific deviations, is:

179 9 15
16 4 16
9 3 3
r=| - = =2 16
oz 4| U9
15 3 27
16 4 16

The covariance matrix is positive definite, so no nonzero portfolio has constant returns across
all four states. The illustration permits risk reduction without assuming a perfectly risk-free

allocation. Supplementary Section S2 gives the complete calculation.
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RESULTS

Reduction in variance at unchanged expected fitness

At a common expected return M, the seed-only and expanded systems have different
attainable minimum variances. Restricting investment to A and B yields:

Vz(M) =

50M?%-260M+353 19
2 f=M=7

17)

Allowing clone investment t while maintaining the same mean gives the feasible allocation:

4M-5t-8

11
x(M,t) = 19-4M—6t (18)
11
t

Nonnegative investment limits the clone fraction to the smaller of (4M — 8)/5 and (19 —
4M)/6, with a lower bound of zero. Substitution into the common return matrix yields:

Next we substitute the allocations in equation (18) into the four environmental returns of
equation (14). For each state we subtract the common mean M, square the deviation, then
average the four squared values. After collecting the terms in M and the remaining allocation

t, the variance is then represented as:

50M2%—-68Mt—260M+110t%4+112t+353

Va(M,t) = - (19)

Minimizing this quadratic over the feasible interval gives:

t*(M) — max {0’ min [17M—28 4M-8 19—4M]}

55 ' 5 ' 6 (20)
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Equation (20) therefore gives the optimal fraction of reproductive investment allocated to
clone C at any specified expected return M. The first term gives the unconstrained minimum
of the variance function, while the remaining terms impose the investment limits: no output
can receive a negative allocation, and the total allocation must sum to one. These constraints
determine which reproductive outputs are included in the minimum-variance portfolio. At
low expected returns (i.e., up to M = 20/9), the optimal strategy uses seed B and clone C, with
no investment in seed A. However, between M = 20/9 and M = 1213/322, all three outputs
receive investment, and above M = 1213/322, the optimum uses seed A and clone C, with no
investment in seed B. These thresholds occur where the unconstrained optimum reaches an
allocation boundary and one of the seed fractions becomes zero. They are therefore changes
in portfolio composition, and do not necessarily require any additional assumptions about the

organism itself.

Furthermore, since the expanded reproductive system can always reproduce any seed-only
allocation by assigning zero investment to the clone, its minimum variance cannot exceed
that of the seed-only system at the same expected return. For this particular return matrix,
adding the clone reduces minimum variance at every expected return strictly between 2 and
4.75. At these two endpoints, the mean-return constraint permits only investment entirely in
B or entirely in A, respectively, so the two minimum-variance curves meet. Figure 2 shows
the complete comparison and highlights the reduction in variance at an expected return of
three. Supplementary Section S2 provides the algebra and the complete piecewise minimum-

variance locus.
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Figure 2. Minimum-variance loci for seed morphs A and B and the same system with an
optional clone C across four equiprobable hypothetical environments. At expected return
three, adding the clone lowers minimum variance by 83.6%. The horizontal axis shows
standard deviation, not variance.
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At this mean, the seed-only strategy has a minimum variance of 1.045, compared with 0.171
when C is available; this rrepresents a reduction of 83.6% without changing expected fitness.
The respective allocations are 36.4% A and 63.6% B for the seed-only strategy, and 174% A,
40.8% B, and 41.8% C for the expanded strategy. The expanded portfolio still varies across

environmental states and is not risk-free.

Higher long-run growth after adding a clonal output
When we optimize the seed-only strategy for expected log growth, its optimum allocates

investment between A and B as follows (full calculation in Supplementary Section S3):

0.89485
Xpp = <0.10515) (21)

0

Here, the seed-only optimum has geometric mean return 3.387. Clone C performs less well
on its own (geometric mean 2.991), but its expected return relative to the seed portfolio is
1.256, above the inclusion threshold of one in equation (13). It can therefore improve long-

run growth when introduced at the margin.

Reoptimizing after allowing C removes B from the optimal allocation. The full optimum can

be represented as:

0.59812
XZBC=< 0 ) (22)

0.40188

This new portfolio increases geometric mean growth from 3.387 to 3.563 (5.2%), although its

arithmetic mean falls from 4.461 to 4.147. At those independently optimized allocations,

25



504

505

506

507

508

variance falls from 8.552 to 3.824; those variances are not a fixed-mean comparison. At the
expanded optimum's own mean, the seed-only minimum variance is 6.122, compared with
3.824 when C is available, a fixed-mean reduction of 37.5%. Figure 3 shows the growth-

optimal allocations; Supplementary Section S3 documents the optimization.
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Figure 3. Independently optimized seed-only and sexual—clonal allocations in the
hypothetical four-state model. Adding the clone raises geometric mean return from 3.387 to
3.563. The lower arithmetic mean and lower variance reported in the text concern
independently optimized strategies with different means.
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Adding the clone alters reproductive investment in the original seed outputs

In this example, the possibility of reproduction via the clone changes the theretical best
strategy for the original seed morphs even though their own environmental returns do not
change. With only A and B available, the organism invests 10.5% in B. However, after C
becomes available, the optimal portfolio uses A and C and does not invest in output B. Thus,
in this new portfolio, B’s expected relative contribution is only 0.918, a value that is below
the inclusion threshold of one. In such a caseB has not lost its reproductive capacity, but it
has become less useful relative to the alternative outputs now available. This example
therefore illustrates the general point that output fitness relative to alternatives can dominate

absolute fitness in the environment.
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DISCUSSION

Reproductive outputs acquire value through their combinations

The framework addresses a practical problem in life-history analysis: offspring counts cannot
compare reproductive routes with different costs, delays, genetic transmission, and
contributions to future fitness. Classical allocation theory relates offspring number and size to
finite parental resources (Smith and Fretwell, 1974; Roff, 1992; Stearns, 1992), while recent
work emphasizes how plant reproductive costs are measured and attributed (Dorken et al.,
2025). I extend that accounting to a portfolio of unlike outputs. Once their returns are
expressed per unit investment at a common census and measured under shared environments,

their covariances and attainable allocations can be evaluated together.

Our analytical result illustrates portfolio complementarity: the clone contributes most where
the seed-only strategy performs relatively poorly, lowering variance at a fixed mean and
improving long-run growth under a different, multiplicative objective. The clone need not
outperform the existing seed portfolio in isolation. Adding it also removes B from the
growth-optimal mixture despite leaving B's own returns unchanged. The two comparisons
should not be conflated: minimum variance at a specified mean measures the diversification
opportunity, whereas expected log growth selects an allocation under the stated demographic

assumptions (Lewontin and Cohen, 1969; Starrfelt and Kokko, 2012; Yasui, 2022).

Taken together, our results connect reproductive allocation to a wider literature on
diversification under uncertainty (Scholl et al., 2020; Abley et al., 2024). For example,
Venable and Brown (1988) modeled the interacting effects of dormancy, dispersal, and seed
size; Frank and Slatkin (1990) clarified components of reproductive variance; and Starrfelt

and Kokko (2012) emphasized the joint importance of means, variances, and correlations.
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Reviews of clonal plant mating describe interactions between sexual and vegetative routes
(Vallejo-Marin et al., 2010; Barrett, 2015). Orive et al. (2023) explored evolutionary
consequences of partial clonality, while Weissman et al. (2025) showed that stochastic
population outcomes can differ from deterministic geometric-mean predictions. Those
demographic questions remain distinct from the fixed-budget, additive allocation calculation

developed here.

This paper is designed to build on existing theory. An earlier paper supplied a fixed-mean
minimum-risk benchmark for allocating investment among seed morphs (Hughes, 2018). In
an analytical model and evolutionary simulations, ten Brink et al. (2023) subsequently
examined early- versus late-germinating seeds in perennials, showing how false starts to a
growing season, competitive advantages during recruitment, and adult survival jointly affect
whether mixed germination strategies evolve. That work identifies ecological mechanisms
that favor diversification within seed reproduction. The present model asks a complementary
question: once unlike outputs have been measured in a common investment and lineage-
fitness currency, what do their joint environmental returns imply for the minimum-variance
frontier and for long-run growth? We note that neither analysis makes competition, plasticity,
or age structure irrelevant. If these processes cause output returns to depend on allocation or
population state, the additive portfolio becomes an informative benchmark rather than a

complete evolutionary model.

Biological systems for comparative analysis
Plants provide several routes for direct comparison. Chasmogamous and cleistogamous
flowers differ in mating circumstances and costs (Schoen and Lloyd, 1984; Culley and

Klooster, 2007). Furthermore, in the stoloniferous plant Viola odorata, those sexual routes
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could also be compared with vegetative propagation. Floral developmental differences are
well-documented, but an optimized three-output portfolio would require measurement of
paired costs and subsequent returns in the same environments (Mayers and Lord, 1983). To
date such information has not yet been measured. Evidence from perennials also shows why
the relevant outputs must be measured rather than inferred from their appearance. Santos-
Gally et al. (2020) found two fruit morphs within the capitula of the perennial shrub Tithonia
diversifolia; morph ratios differed among populations, and the direction of the difference in
germination success between morphs depended on the population. These observations
identify candidate outputs and environmental variation, but population-level contrasts do not
supply the paired, cost-adjusted returns of one reproductive portfolio. In the perennial grass
Danthonia compressa, Cheplick (2023) documented spatial and temporal variation in
chasmogamous and cleistogamous reproduction. The study identifies variation relevant to
seed-route comparisons; a clonal component must be independently established before a
three-output model can be fitted. For greater duckweed, Spirodela polyrhiza, daughter fronds
and dormant turions provide immediate versus delayed vegetative outputs. Mejbel and
Simons (2018) investigated how birth order produces differences in turion phenology among
clonally related offspring, while Kuehdorf et al. (2014) investigated turion production.
Flowering and seed production occur in duckweeds, but a measured frond—turion—seed
portfolio for the same population cannot simply be inferred from their presence (Fourounjian

etal., 2021).

Other studies of seed systems provide increasingly concrete pieces of the required
measurement programme. For example, Chen and Giladi (2020) linked variation in
dispersive-diaspore morphology within Geropogon hybridus to terminal velocity and

seedling emergence; their measurements establish relationships among traits and early
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performance, not a comparison of complete returns across its reproductive routes. In another
paper, Gan et al. (2020) experimentally varied moisture, nutrient availability, and density in
Ceratocarpus arenarius. They found that the production and proportional investment of its
three diaspore morphs changed in response to specific treatment. In trimorphic Atriplex
aucheri, Shoukat et al. (2026) measured production of three seed types across four water-
supply treatments: type A production peaked at intermediate water, type B was comparatively
stable, and allocation to type C declined with increasing water. Importantly, these
experiments approach the model from the production side; they do not measure the later
fitness of every output at a shared census. Wang et al. (2020) additionally documented three
diaspore types of Atriplex centralasiatica with differing dispersal, dormancy, and seed-bank
behavior, identifying distinct routes whose full returns could be followed across

environmental histories.

The relevant environment can also extend beyond the conditions experienced by the parent or
the first census. Gan et al. (2023) showed that parental drought and seed-morph identity
interact in Synedrella nodiflora, with different transgenerational consequences for offspring
drought tolerance. Van Den Elzen and Emery (2026) found that three closely related
Lasthenia species altered both mean germination timing and its within-season variability
under contrasting moisture regimes; the magnitude of temporal diversification itself was
environmentally responsive. The first finding motivates tracking maternal history when
defining a shared environmental state, and the second shows why an empirical test must
distinguish diversified output production from plastic adjustment to a cue. Although linked to
the underlying logic of output diversification, neither study by itself demonstrates selection

for the fixed-allocation optimum derived here.
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Examples exist outside the plant kingdom as well, although fewer animal systems produce
many distinct morphs. One example is the freshwater cnidarian Hydra oligactis, which
produces both asexual buds and multiple types of sexually derived resting eggs that differ in
production conditions and their resistance to winter stress. Experiments have documented
nuanced trade-offs involving stem cells and regeneration and may involve temperature-
dependence (Sebestyén et al., 2018). Temperature-dependent alternation between budding
and gamete formation also illustrates why pre-environment fixed allocation must be
distinguished from cue-driven plasticity (Littlefield et al., 1991; Simons, 2011). Cyclically
parthenogenetic Daphnia provide another non-plant system: females produce immediately
developing asexual offspring, while sexual reproduction entails production of males and
fertilized resting eggs that survive unfavorable periods (Ebert, 2022). Field observations of D.
magna have shown that sexual investment increases when the opportunity cost of foregoing
asexual reproduction falls, although a complete resource-cost comparison of all outputs
remains unavailable (Gerber et al., 2018). Rotifers such as Brachionus plicatilis likewise
produce rapidly developing parthenogenetic offspring and sexually derived dormant eggs;
recent studies connect diapause traits with environmental unpredictability and show that cue
responses and bet hedging can coexist (Solano-Udina et al., 2025, 2026). In these cyclical
systems, male production is a distinct investment route rather than automatically a third
independent fitness return: male and resting-egg contributions must be credited without
double counting. Although environmentally-induced allocation differences do not represent a
test of our pre-environment fixed-allocation model, such systems may be fertile ground for

portfolio analysis when data describing a cost-adjusted, joint return matrix is available.
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Empirical predictions

Testing the model derived here requires measuring all available reproductive outputs, the
resources invested in each (Goldberg et al., 2020), and their contributions to fitness at a
common reference census (Caswell, 2001). Moreover, these measurements must be made
across the same environmental conditions so that the relative performance of the different
outputs, and their covariance, can be determined (Starrfelt and Kokko, 2012). The empirical
studies discussed above report much of the necessary groundwork, including fitness measures
characterizing the production of different outputs, differences in output performance, and
output-specific responses to environmental variation. The next step would be to bring these
measurements together by desinging an empirical system that would record both the cost and

subsequent fitness contribution of every output.

With these data, we can construct the return matrix and calculate the allocation that
minimizes variance at any specified mean fitness. We can then compare these predictions
with observed reproductive allocations to test whether organisms approach the predicted
minimum-risk strategies. The model also makes a separate prediction about long-run growth:
an additional output should enter the optimal portfolio when its expected return relative to the
existing portfolio exceeds one. We can test this prediction by measuring whether reallocating
investment to the additional output increases geometric mean fitness across environmental
conditions. Overall, the value of the framework developed in this paper is that comparisons
among outputs can allow us to distinguish reproductive diversification from the mere
production of different offspring types. However, such tests should also account for
environmentally induced plasticity, developmental constraints, diminishing returns on

investment, and demographic stochasticity, all of which can influence reproductive allocation
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and its fitness consequences (Caswell, 2001; Weissman et al., 2025; Solano-Udina et al.,

2026).

Scope and limitations of the portfolio model

The model describes fixed-budget, additive portfolios with returns determined before the
environment is realized. Outputs may interact through physiological integration, altered
parental survival, or diminishing returns as investment increases (Goldberg et al., 2020); such
systems require an allocation-dependent return function rather than the linear baseline. A
demographic system in which annual reproductive contributions cannot be represented by a
single positive lineage multiplier requires a different long-run fitness calculation (Caswell,
2001; Tuljapurkar, 1990). Finally, we note that demographic stochasticity and finite
population size can alter the relevant selection outcome (Gillespie, 1974; Weissman et al.,
2025). Thus, all long-run interpretations using this framework must therefore be evaluated

against the demographic question being asked.
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CONCLUSION

In this paper I use portfolio theory to develop a common accounting framework for
reproductive outputs that differ in morphology, timing, or mechanism. Defining cost-adjusted
fitness returns at the same census makes it possible to measure their joint environmental
performance, calculate the minimum-variance locus, and ask whether another output
increases long-run growth. In the hypothetical example, a clone lowers variance at unchanged
expected fitness and improves geometric mean growth when the expanded portfolio is
independently optimized. Its entry also changes which existing seed morph receives

investment: a reproductive output's contribution is conditional on the alternatives available.

The empirical challenge is to measure comparable costs, paired returns, and feasible
allocations in systems with sexual, clonal, or temporally differentiated reproduction. This
connects established theories of life-history trade-offs, diversified offspring traits, and
stochastic fitness with testable cross-mechanism comparisons (Stearns, 1992; Venable and
Brown, 1988; Starrfelt and Kokko, 2012; Yasui, 2022). Recent analyses of perennial
germination and morph-specific responses to environmental treatments make this programme
concrete (ten Brink et al., 2023; Gan et al., 2020; Shoukat et al., 2026), but they cannot
substitute for paired lineage-fitness returns. Such data will establish when the portfolio

opportunity demonstrated here is realized in nature.
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S1 establishes a common accounting convention for sexual and clonal outputs

S2 reconstructs the four-environment minimum-variance locus

S3 independently optimizes long-run growth in the same four-environment model.
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S1. Common fitness accounting for sexual and clonal reproductive outputs

S1.1. Purpose and common currency

Our portfolio model can compare biologically different reproductive outputs only after we
express their contributions on the same investment, temporal, and fitness scales. A seed and a
clonal ramet cannot be compared by counting propagules: their production costs, genetic
transmission, establishment probabilities, and future contributions can differ. Here we work
through one explicit accounting convention to show how those differences enter the model. The
focal system is a diploid plant that can produce sexual seeds and genetically identical clonal
ramets. The calculation follows the A allele of a diploid parent with genotype Aa. For a
heterozygous parent, an offspring can receive one copy through a maternal gamete, another copy
through a paternal gamete if the parent also supplies pollen, or one copy through faithful clonal
production. This is a deliberately bounded genetic accounting example, not a universal formula

for the fitness of sexual reproduction.

We first count only the maternal route. Under ordinary Mendelian segregation, the probability
that a sexual seed receives the parental A allele through its ovule is one-half. The g5 in Equation
S1 therefore counts expected maternal copies per sexual seed; it does not count the complete

parental contribution when the same plant also fertilizes that seed.

N

qs = (S1)
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If a ramet faithfully copies the heterozygous parental genotype, it receives the same focal A copy

with probability one. This comparison assumes no somatic mutation or segregation during clonal

production.
qgc =1 (S2)
These quantities refer to different inheritance routes for one specified parental genotype; neither

is a blanket discount on the demographic fitness of an offspring. If the focal heterozygote self-
fertilizes, the maternal gamete contributes 0.5 expected copies of A and its paternal gamete
contributes another 0.5, so the expected total parental transmission is gs total = Govule T

dpollen = 0.5 + 0.5 = 1. This counts the expected allele copies, not the probability that a selfed

offspring carries A: the offspring may carry zero, one, or two copies. For an outcrossed seed with
pollen supplied by another parent, only the focal parent’s maternal route is credited to that
parent’s output; the other parent’s genetic contribution is not credited to the focal parent. If the
focal parent supplies pollen elsewhere, those contributions require their own reproductive route
or must be included consistently within the accounting unit. A genetically identical ramet
carrying A contributes one copy at its initial census. We do not compare maternal-only seed
transmission against total parental transmission for another output and call it a biological

difference between mechanisms.

For an entire hermaphroditic parent’s genetic return, the accounting unit includes focal allele
copies transmitted through ovules, through pollen fertilizing other individuals, and through

clonal outputs. A maternal-only comparison is legitimate when the uncredited male function is
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explicitly outside the bounded accounting unit or is modeled separately. The genetic contribution
of a pollen donor other than the focal parent must never be credited to the focal parent. For self-
fertilization, the parent’s two gametic routes contribute an expected total of one focal-allele copy

before establishment and later performance are counted.

S8'1.2. Production costs and allocation

Let B denote the fixed reproductive budget available over a defined production interval. We
measure the costs of the two outputs in the same limiting resource. Producing one sexual seed
costs cg; producing one clonal ramet costs c.. Let xg and x. be the proportions of B assigned to
the outputs. If production is proportional to investment and the costs do not depend on allocation,

the numbers produced follow by dividing each allocation by its per-offspring cost.

Production costs must follow the same boundary as genetic credits. When we credit both
maternal and paternal transmission, the cost assigned to sexual reproduction must include the
associated seed and pollen investments, including pollen sent to seeds produced elsewhere. A
pollen output counted separately must not also be charged to the seed route, and pollen
discounting can change the return of male function. When only maternal seed return is
considered, the corresponding restricted budget must be distinguished from the complete parental

reproductive budget; they cannot be interchanged in an optimization without recalibration.

Ng = 5% (S3)
cs
B

Ne=-* (S4)



81 Because we are dividing a fixed budget between the two outputs, the allocation fractions sum to
82 one:
83 xs+xc=1 (S5)
84
85 We have now separated how much the parent invests from how many reproductive outputs that
86 investment produces. A ramet may contain more of the tracked genetic material per offspring yet
87 yield fewer offspring for the same resource expenditure.
88
89 S1.3. Establishment, subsequent contribution, and a common time
90 We next compare offspring that may establish at different times or survive through different
91 stages. Choose a reference census T, or an equivalent reproductive-value reference for the same
92 lineage and genetic process. Let sg(e) and s-(e) denote establishment probabilities in
93 environment e, conditional on the specified output types. Let vs(e, T) and v, (e, T) be expected
94 value per transmitted focal copy, conditional on establishment, at the shared census. The
95 products below assume that the stated establishment probabilities and per-copy census values
96 have been conditioned consistently; if different genotypes have different establishment
97 probabilities, calculate the joint expectation over genotype and survival rather than multiplying
98 separate marginal averages. Conditional values may include subsequent survival and
99 reproduction, but those same events must not be counted again elsewhere.
100
101 For a produced sexual seed, multiply the probability of focal-copy transmission, the probability
102 of establishment, and the conditional contribution at the census:

103



104 Vs(e,T) = gsss(e)vs(e, T) (S6)
105
106 For an outcrossed seed whose maternal transmission is the only contribution credited to the focal

107 parent, insert the value from Equation S1:

108
109 Vs(e,T) = 3 ss5(e)vs(e, T) (S7)

110

111 We follow precisely the same operation for a ramet:

112 Ve(e,T) = qcsc(e)ve(e, T) (S8)
113

114 With faithful clonal inheritance, q. equals one, giving:

115 V(e,T) = sc(e)vc(e, T) (S9)
116

117 At an early census, v can be one per surviving focal allele copy. At a later census, the

118 contribution must incorporate the intervening genetic and demographic processes. For a selfed
119 seed, use the total expected transmission of one copy instead of the maternal-only factor of 0.5,
120 subject to the same conditioning and reference-census rules. The requirement is not identical
121 seed and ramet life histories; it is consistent accounting for the parental contribution we have
122 chosen to measure.

123

124 For selfed offspring, establishment and subsequent value must also be estimated for their actual

125 genotypes: inbreeding depression, if present, changes the return and is not captured by changing
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the transmission coefficient alone. Any adult survival carried over to the census must be included
once in the lineage-growth calculation rather than credited to multiple propagules.

S8'1.4. Returns per unit reproductive investment

The reproductive portfolio is an allocation of resources. We therefore convert each offspring
contribution into a return per unit of the resource consumed. For a sexual seed, divide its

expected contribution by the cost of producing it:

Rs(e,T) = =520 (S10)

Replacing Vs by Equation S7 gives the return for the maternal-only, outcrossed-seed convention:

RS(e!T) :w (Sll)

2cg

The same calculation applies to clonal propagation:

Re(e,T) = Yl (S12)
Re(e,T) = 22ee) (S13)

Equations S11 and S13 express the specified contributions per unit reproductive investment at
the same reference census. They do not imply that every sexual seed has the factor 0.5: if the
focal parent produces a selfed seed, its expected total parental contribution enters with
transmission weight one, and the sexual return becomes Rg sei¢(e, T) = ss(e)vs(e, T)/cs under
the same conditioning assumptions. The fitness currency and the set of parental routes being

credited must be specified before comparing mechanisms.
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When paternal transmission is credited, the denominator must include the corresponding pollen
cost and any resource investment needed to achieve siring success. Selfed and outcrossed seeds
can also differ in establishment or later value. Thus, neither a doubling of transmission weight at
unchanged cost nor a universal sexual-versus-clonal conversion factor follows from this

accounting.

S1.5. Worked accounting example

We begin with a deliberately restricted maternal-route calculation. Suppose a seed costs one
resource unit of maternal investment, establishes with probability 0.4, and receives the focal
maternal allele copy with probability 0.5. A ramet costs two units, establishes with probability
0.6, and carries one copy. The census value per established copy is one. These costs describe this
bounded maternal output comparison, not the full male-plus-female reproductive budget of a

hermaphrodite.

Component Sexual seed Clonal ramet
Production cost 1 2
Establishment probability 0.4 0.6
Credited expected focal copies per output 0.5 (maternal only) 1
Conditional reference-census value 1 1

The sexual return is the probability of establishment times the probability of transmission,

164 divided by the production cost:

165

_0.4X0.5

=0.20 (S14)

1



166

167 Using the identical resource and census accounting, the ramet produces:

_0.6x1

168 Rc =22==030 (S15)

169

170 Under the maternal-only convention, the seed yields 0.20 expected allele copies per investment
171 unit and the ramet yields 0.30. For a distinct selfing scenario, suppose pollen needed to self-
172 fertilize each seed costs an additional 0.5 resource units. Counting both the ovule and pollen
173 routes gives one expected focal copy per selfed seed; with establishment 0.4 and total sexual cost
174 1.5, its return is approximately 0.267, still below the ramet’s 0.30. These figures assume

175 unchanged establishment for illustration only; inbreeding depression or other genotype-specific
176 effects would require new estimates. The apparent reversal to 0.40 that would follow from

177 adding pollen credit while leaving seed cost at one is not a valid full-budget comparison. We
178 must estimate both genetic benefits and all associated costs before ranking reproductive routes.
179

180 S1.6. From individual returns to a reproductive portfolio

181 To construct the portfolio, multiply the number of outputs generated by each investment by that
182 output’s expected contribution. Summing the sexual and clonal components gives the total

183 expected focal-copy contribution attributable to the reproductive budget:

184 Vp(e,T) = Z2Vg(e, T) + 2V, (e, T) (S16)
S

cc
185
186 We next divide the complete expression by the shared budget B. This converts the result from

187 total contribution into contribution per unit investment:

188 Lplel) — y Vsl) 4 VeleD) (S17)

B Ccs cc
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Using the definitions of Rg and R yields the additive portfolio equation:

Wp(e, T) = xsRs(e, T) + xcR:(e,T) (S18)

The two outputs can now be combined on a common reproductive-value scale. For the
geometric-growth analysis in S3, an additional demographic calibration is necessary: Wp must
represent a positive per-generation multiplier of the same tracked lineage, not simply an
unnormalized count of transmitted copies per resource unit. One operational route is to measure
offspring contributions at a shared census relative to the lineage abundance entering the
reproductive interval, including any parental survival or other return components under a
consistent rule. If this calibration multiplies all allocations by a positive constant independent of
allocation and environment, the optimal allocation and relative variance comparisons are
unchanged. An environment-specific common factor preserves the log-optimal allocation but
generally changes the mean and covariance and must be retained in the corresponding risk
calculation. Additive parental survival can be incorporated once in the total multiplier but cannot
simply be discarded before calculating optimal allocation. In the four-state illustration, we
stipulate that the entries of R are already calibrated positive lineage multipliers per unit
investment. The S1 allele-count example demonstrates how to construct the genetic
contributions; it does not empirically establish that those counts equal the illustrative entries of

R.

A final calibration point is crucial for the numerical portfolio. Multiplying every output’s return

by one shared positive constant changes the units of fitness but does not change the log-optimal

10
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allocation; variances then scale with the square of that constant and mean-return targets scale
with it. Multiplying only the sexual outputs, by contrast, changes their value relative to the clone
and can change both the frontier and the optimal allocation. In the four-state example, if both
seed columns are multiplied by a factor k and the clone column remains fixed, the clone’s
marginal inclusion ratio becomes approximately 1.2555 divided by k. The clone enters only
when k is below approximately 1.256. Therefore this the outcome depends on biologically
defensible, comparable calibration of all columns, not on a universal transmission discount for

sexual offspring.

S1.7. Shared environments and the covariance of reproductive returns

The next question concerns environmental complementarity. Do conditions that reduce seed
performance also reduce ramet performance, or can the clone compensate? Record the returns of
both outputs in the same environmental states. Let pug and u. denote their expected returns. The

covariance is the expectation of the product of their deviations from those means:

Cov(Rs, R¢c) = E[(Rs — us)(Rc — uc)] (S19)
Because the entire portfolio is the sum of its weighted output returns, the variance of that sum
contains two individual variance terms and a covariance term:

Var(Wp) = x20? + x202 + 2x5Xc0g¢ (S20)

This is the two-output instance of the covariance model developed in the manuscript. It captures

variation among the chosen shared environmental states. Additional offspring-level or

11



234 demographic stochasticity within states must be included in the full return distribution if it

235 matters for the empirical question.

236

237 S1.8. Connected ramets and nonadditive affects

238 Some ramets remain physiologically connected to the parent. In that setting, their contribution
239 may include benefits to the genet and costs to other components of the genet. Counting only the
240 future offspring produced by the daughter ramet could miss those effects or double-count

241 transferred resources. Define the contribution of a specified clonal investment by comparing the
242 genet’s reproductive value under that investment with a clearly defined counterfactual at the
243 same demographic reference:

244

245 AV = Vgenet,with c— Vgenet,withoutC (S21)

246

247 The counterfactual must specify where the resources would otherwise go. If we have already

248 valued the opportunity cost in this difference, we do not deduct it a second time when calculating
249 net gains. When incremental returns remain approximately constant per unit allocated, we can
250 use an additive portfolio. If connected ramets alter the marginal returns to seed production or to
251 other ramets, returns depend on the full allocation and the model instead takes the more general
252 form:

253

254 Wp(e) = F(x,e) (S22)

255

12
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The simple additive portfolio is therefore an explicit biological approximation, not a property
imposed on every system of reproductive heteromorphism. Equations S11, S13, and S18 show
how to construct comparable sexual and clonal returns in the specified linear case. Other fitness
currencies can be used provided they are coherent across outputs, time, investments, and—where

log growth is the objective-lineage muultiplication.
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S2. Minimum-variance allocation in the four-environment portfolio

S2.1. Why we compare strategies at a fixed mean

We now use the common return currency developed in S1 to ask whether adding a clonal output
improves an organism’s reproductive opportunities. The question is not simply whether a mixed
strategy has lower variance: a consistently unproductive strategy could achieve that result.
Instead, we specify the same expected reproductive return for the seed-only system and the
expanded system, and identify the smallest variance each can achieve. This follows the
minimum-risk approach of Hughes (2018), now applied to outputs that may differ in
reproductive mechanism. We construct the environmental returns and their covariance, derive
the restricted two-seed allocation, add the clone, find the feasible minimum at each expected
return, and finally compare the resulting loci. Every value below is illustrative, not an estimate

from a particular species.

82.2. Four shared environmental states

Consider seed morph A, seed morph B, and clonal output C. Each row below represents one of
four environmental states, all assigned probability 0.25; each column gives the reproductive
return per unit investment in one output, expressed in the same currency and at the same
demographic reference. Using the same states for every output is necessary because we want to

calculate their joint performance, not compare unrelated samples.

1t = (0.25,0.25,0.25,0.25)7 (S23)

NN = O
N = A
DU NN
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We first calculate the mean return of each output. For A, we add its four returns and divide by

four:

Ua=0O+1+2+7)/4=19/4 =4.75. (S24)
For B, the same operation gives:

ug =1 +4+1+2)/4=2. (S25)
For C:

puc=Q2+2+5+4)/4=13/4 =3.25. (S26)
We collect those values into the mean-return vector. A has the greatest standalone arithmetic

mean; the clone has an intermediate mean; B has the smallest.
19/4

n= < 2 ) (S27)
13/4

82.3. Deriving the covariance matrix from the same observations
A mean does not show whether an output compensates for failures elsewhere in the portfolio. We
calculate each deviation by subtracting the output’s mean from its return in each environmental

state. The resulting rows of the centered return matrix are, in the order A, B, C:

17/4 -1 -5/4
~15/4 2 —5/4
~11/4 -1 7/4
9/4 0 3/4

D=R—1p = (S28)
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For equally probable states, each covariance is the mean product of the two corresponding
columns of deviations. A variance uses a column multiplied by itself. To demonstrate the
operation, the variance of A is:

02 = (172 + (=15)2 + (=11)2 + 92) /64 = 179/16. (S29)

The other diagonal entries follow in the same way:

o2=(1+4+1+0)/4=3/2, o02=(25+25+49+9)/64 = 27/16. (S30)

For example, the covariance of A and B is the mean of the products of their paired deviations:

oap = [(17/4)(-1) + (=15/4)(2) + (-11/9)(-1) + (9/D(0)]/4 = -9/4. (831)

The remaining paired calculations give:

Oac = [—85+ 75 — 77 + 27]/64 = —15/16,  opc =[5 — 10 — 7 + 0]/16 = —3/4(S32)

Combining the three variances and the three covariances, and placing each covariance
symmetrically, yields:

179/16 —9/4 —15/16
). (S33)

S =D'D/4 =< —9/4  3/2  —3/4
—-15/16 —-3/4 27/16

The covariance matrix has full rank. Its determinant is nine and its leading principal minors are
positive, so there is no nonzero allocation direction along which all environmental deviations

vanish. The illustrative return matrix therefore contains no exactly constant-return portfolio.
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82.4. The seed-only minimum-variance benchmark
We first restrict the organism to A and B. If A receives fraction a, B necessarily receives 1 — a,
and C receives nothing. Their different mean returns determine which seed mixture attains a

chosen portfolio mean M.

a
X5 = <1 - a>, M = (19/4)a + 2(1 — a). (S34)
0

Expand the mean constraint, collect terms in a, subtract two, and solve:

M=2+(11/4)a,  a=(4M —8)/11. (S35)

The remaining investment is then:

1—a=(19-4M)/11. (S36)
Both fractions are nonnegative precisely when the target mean is between the smaller and larger
standalone seed means:

2<M<19/4. (S37)

At any chosen mean in this interval there is only one feasible seed-only mixture. We calculate its

environmental returns directly from the first two columns of R:
1+ 8a
_ [ 4—3a
Was(@ =\ . | (S38)
2+ 5a
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Substitute the expression for a in terms of M. This gives the four returns for the unique seed-
only portfolio with that expected mean:

(32M —-53)/11

| (68 —-12M)/11

(20M —18)/11
To obtain its variance, subtract M from each environmental return, square each deviation, and
average the four squared deviations:

1[(21mM-53\2 = [68-23M\% & (3-7M\%? & (9M-18)?

VAB(M)zZ[( 11 ) +( 11 ) +(11) +( 11 )] (540)
Expanding the squares and gathering the terms in M gives the seed-only benchmark used in the
manuscript:
Vag (M) = (50M? — 260M + 353)/22. (S41)
S82.5. Adding C while preserving the same expected return

We now allow C to receive a fraction t of the reproductive budget. Write a and b for the two
seed allocations. The investment constraint and fixed-mean constraint provide two equations:

a+b+t=1 (19/4)a+2b+ (13/4)t = M. (S42)

Multiply the budget equation by two and subtract it from the mean equation. The B terms cancel,

leaving (11/4)a + (5/4)t = M — 2. Multiplying by four and solving for A gives:

1la+5t=4M -8, a= (4M —5¢t—8)/11. (S42)
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Substitute this allocation into b = 1 — a — t and collect terms:

b= (19— 4M — 6t)/11. (S44)

We have thereby expressed the entire allocation at a chosen mean using only the clone fraction
as a free variable:

(4M — 5¢ — 8)/11
). (S45)

x(M,t) = <(19 —4M — 6t)/11
t

Because the organism cannot make a negative investment, the clone fraction is bounded above
by whichever seed allocation would otherwise reach zero first. From a > 0, we obtain t <
(4M — 8)/5; from b > 0, we obtain t < (19 — 4M)/6. Together with t > 0, the feasible
interval is:

0 <t < min{(4M — 8)/5, (19 — 4M)/6}. (S46)

Setting t = 0 recovers the seed-only mixture, so we are comparing the original choice set with a

genuinely expanded one at each feasible mean.

82.6. Calculating expanded-portfolio variance

We next substitute the three allocations into each row of the return matrix. For the first
environment, we multiply the allocation to A by nine, add the allocation to B, and add twice the
allocation to C. Collecting the terms gives the first line below; the other three lines follow by the

same operation:
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W, =9a+b+2t=(32M - 29t —53)/11,
W, =a+4b+2t=(68—-12M —7t)/11,
Ws; =2a+b+5t=4M+ 39+ 3)/11,
W, =7a+2b+4t=((20M — 3t —18)/11.

(S47)

The average of these four expressions equals M because we imposed the mean constraint.

Subtracting M from each gives the deviations used in the variance calculation:

W,—M = (21M —29¢t —53)/11,
W,—M =(68—23M—7t)/11,
W,—M =(3—7M+39)/11,
W,—M = (9M —3t—18)/11.

(S48)

As in the seed-only calculation, square the four deviations and average them. We write out the

unexpanded expression so that the source of the final polynomial is visible:

(21M—-29t-53)%24(68—23M—7t)%2+(3—-7M+39t)%2+(9M-3t—18)?
484 )

V(M,t) = (S49)

Expand, combine like terms, and simplify. The resulting quadratic is the expanded portfolio’s
variance at fixed expected return:

V(M,t) = (50M? — 68Mt — 260M + 110t% + 112t + 353)/22. (S50)

As a check, setting t = 0 yields the seed-only expression derived above. The comparison

therefore changes only access to the clonal output, not the fitness target or environmental data.
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82.7. Choosing clone investment that minimizes variance
For any fixed target M, the only remaining choice is t. To find the unconstrained minimum,
differentiate the expanded variance with respect to t, keeping M fixed. Only the terms involving

t contribute:

‘;—Z = (—=68M + 220t + 112)/22 = 2(—17M + 55t + 28)/11. (S51)

Set this derivative to zero, transfer the other terms to the right-hand side, and solve for the clone

fraction:

55t =17M - 28, to(M) = (17M — 28)/55. (S52)

A second derivative confirms that the stationary value is the unique minimum along the constant-
mean line:

a2%v

pro 10 > 0. (S53)

The unconstrained solution must also respect the nonnegative allocations derived in S2.5. If it
exceeds either upper boundary, the minimum occurs at that boundary. Thus the biologically
feasible minimum-variance clone fraction is:

t*(M) = max{0, min[(17M — 28)/55, (4M — 8)/5, (19 — 4M)/6]}. (S54)

We then substitute t* (M) back into the expressions for a and b; no independent optimization of
the two seed fractions is necessary because the mean and budget constraints already determine

them.
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82.8. Boundary changes and the complete minimum-variance locus

The composition of the optimal portfolio changes when the unconstrained clone fraction meets
an allocation boundary. First, set the expression for t, equal to the boundary where seed A
reaches zero:

(17M —28)/55 = (4M —8)/5 = 85M — 140 = 220M —440 = M, = 20/9.

For the upper transition, equate t, with the boundary where seed B reaches zero:
(17M —28)/55 = (19 -4M)/6 = 102M — 168 = 1045 —220M = M, =

1213/322. (S56)

Below M, , the best allocation uses B and C, so A is zero. Between the transition means, all three
outputs are used. Above My, B is zero and the best allocation uses A and C. To obtain the
complete locus, substitute the corresponding boundary or unconstrained value of t into the

variance polynomial:

3(10M?-52M+69)

- , 2 <M < 20/9,
. 2_
ymin(p) = { 27241 1“211302’”*5949), 20/9 < M < 1213/322, (S57)
2_
e 1213/322< M < 19/4

The formulas agree where adjacent intervals meet, so the minimum-variance locus is continuous.
The term minimum-variance locus describes the lowest available variance at each prescribed
arithmetic mean. Its nondominated upper-mean portion is the efficient frontier in the strict mean-

variance sense.
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82.9. Does adding the clone improve portfolio allocation?

The seed-only allocation remains available in the expanded system by choosing t = 0. For every
attainable M, the expanded minimum therefore cannot exceed the seed-only minimum. The
example allows us to go further and establish when the inequality is strict. Differentiate the

variance with respect to clone investment at the seed-only boundary:

P = (56 — 34M)/11. (S58)

at t=0

For every mean from two to 4.75, the derivative is negative. At either extreme mean, however,
the investment constraints force ¢ = 0: no positive clonal allocation can preserve the minimum
or maximum mean. At any strictly interior mean, a sufficiently small positive clone fraction is

feasible and lowers variance. Therefore:

VRNV < Vg (M) for2 <M < 19/4, ymin =y, at the two endpoints.  (S59)

This strict improvement is a feature of the stated four-state return matrix; the general feasible-set

result establishes only that an optional output cannot worsen the minimum.

82.10. Reproducing Figure 2 at mean three

We now take one interior mean, M = 3, and construct both minimum-variance portfolios
explicitly. From the seed-only formulas, a = 4/11 and b = 7/11. Multiplying the return matrix
by this allocation yields the four environmental returns:

x,5(3) = (4/11, 7/11, 0)T,  W,5(3) = (43/11, 32/11, 15/11, 42/11)".  (S60)
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Their arithmetic mean is three. Using the seed-only variance expression:

Va5(3) = (50 -9 — 260 - 3 + 353)/22 = 23/22 ~ 1.04545. (S61)

With the clone available, substitute three into the unconstrained allocation formula. This value
lies within both feasibility bounds:

t*(3) = (17 - 3 — 28)/55 = 23/55 ~ 0.41818. (S62)

Substituting this into the seed allocations gives a = 21/121 and b = 247 /605. Their sum with
the clone fraction is one, and the mean is exactly three:

x3(3) = (21/121, 247/605, 23/55)" ~ (0.17355, 0.40826, 0.41818)". (S63)

The returns of this mixed portfolio remain unequal across states. Furthermo multiplying R by the

optimized allocation gives:

W2 (3) = (1698/605, 1599/605, 1722/605, 2241/605)T. (S64)

Substitution into the variance expression gives:

ymin(3) = 207/1210 ~ 0.17107. (S65)

To express the improvement relative to the seed-only system, divide the difference in variances

by the seed-only variance:

207/1210
23/22

100(1 - | =100 (%) ~ 83.64%. (S66)
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This calculation reproduces the 83.6% reduction in the manuscript at unchanged arithmetic
mean. It does not imply that the reproductive system is risk free: the four environmental returns

above remain different and the minimized variance is positive.

S2.11. Why no exactly constant-return mixture exists here

For any allocation x, portfolio variance is X' 2x. The covariance matrix derived in S2.3 is positive
definite: its first two leading principal minors and determinant are, respectively, 179/16,
375/32, and nine, all strictly positive. Thus x' Xx > 0 for every nonzero allocation vector. Since
allocations sum to one, no feasible portfolio can have zero variance. The absence of a zero-
variance point is therefore established from the return data, not inferred merely from having four

environments instead of three.

The main biological finding in this example remains the complementarity of C with the seed

outputs: adding an optional reproductive route changes attainable mean-variance combinations

without requiring that route to be individually superior.
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S3. Long-run growth and the reoptimized reproductive portfolio

83.1. A different question on the same return distribution

S2 identified the lowest variance that each reproductive system can achieve at a specified
arithmetic mean. We now ask which allocation maximizes growth across generations when the
organism can also change its mean return. This makes the growth analysis a choice on the same
underlying return distribution, rather than a competing description of reproduction. We calculate
the independently optimized seed-only and expanded portfolios, test whether C enters the

existing optimum, then verify the full optimum and relate it to the variance locus.

This calculation assumes that the positive, common-currency returns described in S1 have been
calibrated to represent per-generation multipliers of the same tracked lineage. Let N; be the
tracked lineage abundance immediately before reproduction in generation t and W; its multiplier.

Following the same lineage through T generations gives:

Nr = No [1{=1 Wt (867)

Taking the logarithm changes the product into a sum. Divide by the number of generations to

obtain the time-averaged logarithmic growth rate:

gr = @/T) ZZ=1 log W,. (S68)

For a fixed allocation with a stationary environmental distribution and an appropriate long-run

averaging condition, the limiting objective is expected logarithmic growth:
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531 g(x) = E[logW (x,E)]. (S69)
532
533 We assign probability 0.25 to each of the same four states used in S2. If the portfolio allocations

534 are a, b, and c, the environmental multipliers are the weighted sums of their row-specific

535 returns:
9a + b + 2c

536 W(a,b,c) = ;‘;ﬁg j: éi . a+b+c=1 (S70)
7a + 2b + 4c

537

538 Consequently, we maximize the mean of the four log multipliers:
1
539 g(a,b,c) = Zzgzllog W,(a, b, c). (S71)

540

541 Every return in the matrix is positive; hence every feasible portfolio also has positive

542 environmental returns and the logarithms are defined.

543

544  §3.2. Optimizing the seed-only strategy

545 We first restrict C to zero and set b = 1 — a. Substituting those fractions into the return matrix
546 gives four multipliers:

547

548 Wyp(a)=(1+8a, 4—3a, 1+a, 2+5a). (S872)
549

550 Our seed-only growth objective is therefore:

551 gup(a) ==[log(1 + 8a) + log(4 — 3a) + log(1 + a) + log(2 + 5a)]. (S73)

Y
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To find the best seed mixture, differentiate term by term. The derivative of the logarithm of a

return is that return’s derivative divided by the return itself:

8 3 1 5

1+8a 4-3a 1+a 2+5a

4945'(a) = (S74)
Put these terms over the common positive denominator (1 + 8a)(4 — 3a)(1 + a)(2 + 5a) and

combine the numerator. The stationary condition becomes:

—480a3 — 69a? + 350a + 86 = 0. (S75)

This cubic has one root in the biologically feasible interval 0 < a < 1. Solving it numerically

gives a = 0.89484779; the other two real roots are negative and require impossible allocations.

We establish that the feasible stationary point is a global maximum by taking a second
derivative:

we N _ 1] 64 9 1 25
ga"(a) = 4 [(1+8a)2 + (4-3a)2 ' (1+a)? + (2+5a)2] (876)
Strict negativity throughout the feasible interval makes the growth objective strictly concave.
Thus the independently optimized seed-only allocation is:
xip ~ (0.89484779, 0.10515221, 0). (S77)
Multiplication by the four-state return matrix gives the environmental growth multipliers:
W}, ~ (8.158782, 1.315457, 1.894848, 6.474239)". (S78)
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Their arithmetic mean, variance, and geometric mean are calculated using the same

environmental probabilities as in S2:

* 1 * * 1 * * 2
Wip =3 Ze Wi, ~ 446083, Vig = ;e (Wipe — #ap)” ~ 855158 (S79)

For the geometric mean, exponentiate the average log return, equivalently taking the fourth root

of the product of the returns:

* * * 1/4
Gig = explg(Gp)] = (ITEo  Wise) ' ~ 3.38740. (S80)

These values provide the reference for evaluating the addition of C. Both strategies must be
independently optimized if we want to attribute a growth improvement to access to the additional

reproductive route.

83.3. Testing whether the clone adds to the optimized seed portfolio
The clone’s four standalone returns are 2, 2, 5, and 4. Their arithmetic and geometric means are:

pe=QR+2+5+4)/4=325  G.=(2-2-5-4)Y* =~ 2.99070. (S81)

Both are lower than the corresponding seed-only portfolio values. But an organism does not have
to replace the entire seed portfolio with C: it can move a small fraction into C while maintaining
the existing seed mixture. Let t denote the transferred fraction, and write the new return as:

W(te) = (1— )WS5(e) + tRe(e). (S82)
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Differentiate expected log growth with respect to t and evaluate it at zero, where the clone is just

entering. The chain rule gives:

), -z -sfie] -

Wip

The clone therefore improves the existing optimum at the margin if its expected relative return

exceeds one. Substituting the four environmental outcomes gives:

2 2 5 4
8.158782 1.315457 1.894848 6.474239

Qeiar = 5| | ~ 1.25552. (S84)

Because the value exceeds one, initial clone investment increases expected log growth. The
result depends on C’s return relative to the existing portfolio in each environment, rather than its
standalone mean. We must still reoptimize the full allocation, because the presence of C can

change how much investment remains in A and B.

83.4. Solving the expanded problem

We maximize the same four-environment objective over nonnegative allocations that sum to one.
The optimum occurs on the boundary where B receives zero, but we must establish this rather
than assume it. First optimize along the A—C boundary, settingb =0 andc =1 — a.

Substitution into the four environmental returns gives:

Wye(@)=Q2+7a, 2—a, 5—3a, 4+ 3a)". (S85)
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620 We therefore maximize:

621 guc(a) ==[log(2 + 7a) + log(2 — a) + log(5 — 3a) + log(4 + 3a)]. (S86)

Y

622

623 We then differentiate the four logarithms:

7 1 3 3

+ .
2+7a 2—a 5-3a 4+3a

624 4g,-'(a) = (S87)
625

626 Combine these terms over their shared denominator. The resulting polynomial equation for a
627 stationary point is:

628 252a® — 387a? — 280a + 252 = 0. (S88)
629

630 Its only root between zero and one is a = 0.59812010. One other real root is negative and the

631 third exceeds one. The second derivative verifies that this root is the unique maximum along the

632 A-C boundary:

633 gac"(a) = _i[(2+479a)2 +(2—1a)2 (5—§a)2 (4+za)2] (589)
634

635 The optimized allocation on this boundary is consequently:

636 x;. ~ (0.59812010, 0, 0.40187990)". (S90)

637
638 We next ask whether B could improve this boundary optimum. Define the expected relative

639 contribution of any output i to an existing portfolio W as:
R;
640 Q= E|Y|. (S91)

641
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If an output receives positive investment at an optimum, its relative contribution is one; an
excluded output must have a relative contribution no greater than one. To see why the common

value equals one, weight the marginal contributions by the allocations and sum:

Yok Q= B[22 = E[w/w] = 1. (892)

Because all positive allocations have equal marginal contributions at an optimum and those
allocations sum to one, each included output has Q; = 1. The corresponding condition for an
excluded output is Q; < 1; otherwise replacing a small amount of an included output would

improve log growth.

At the A—C optimum, B’s returns are 1, 4, 1, and 2. We evaluate its marginal contribution in the

existing environmental portfolio:

Qp =2|—+———+——+-—2(~091801 < 1. (S93)

- * * * *
4Wach Wiacz Waczs Waca

The included outputs A and C satisfy Q4 = Q. = 1 to numerical precision. Since the logarithm
of a positive affine return is concave and averages of concave functions are concave, these
conditions establish global optimality across the entire three-output simplex. Thus the full
optimum is exactly the A—C boundary solution found above; it is not just the best portfolio

within an arbitrarily chosen two-output subset.

83.5. Growth and variance at the expanded optimum
Substituting the full allocation into the environmental returns gives:

W ~ (6.186839, 1.401880, 3.205640, 5.794360)". (S94)
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Calculate its arithmetic mean and environmental variance with the same probabilities used

throughout:

* 1 * * 1 * * 2
Uape = ZZe Wiygce = 4.14718, Vagc = ZZe (WABC,e - HABC) ~ 3.82414. (S95)

Its geometric mean return is:

G,ZBC = (Hg=1 WA*BC,e)l/4

~ 3.56266. (S96)
We now compare the independently optimized full strategy against the independently optimized
seed-only strategy. The proportional change in geometric mean is:

100(GAgc/Gig — 1) = 5.17%. S97
aBc/bag

The arithmetic mean falls by approximately 7.03%, while variance falls by approximately
55.28%. Geometric mean growth nevertheless increases. This is a concrete illustration of the
connection between variable reproductive performance and long-run success; it does not, by

itself, establish that any observed natural reproductive mixture evolved through bet hedging.

83.6. Connecting the growth optimum to the fixed-mean frontier

S2 compared risk-minimizing portfolios at mean three, whereas S3 has selected an allocation
with arithmetic mean approximately 4.147. It would be misleading to compare those allocations
as though they competed at one prescribed mean. We instead evaluate the minimum-variance
solution at the log optimum’s own mean. Inserting M =~ 4.14718 into the feasible clone upper

bound gives:
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tmax(M) = (19 — 4M) /6 ~ 0.40188. (S98)

The unconstrained variance minimum at that mean would use a larger clone fraction and would
require a negative allocation to B; hence the feasible minimum sits at b = 0, with the same A—C
allocations found by the log-growth optimization. Equivalently, substitution of the log
optimum’s mean into the upper branch of the piecewise minimum-variance locus gives its

variance =~ 3.82414.

The log-optimal point therefore lies on the minimum-variance locus at its own arithmetic mean
in this example. This agreement is a calculated property of the illustrated return distribution, not
a universal equivalence of minimizing variance and maximizing expected log growth. The two
analyses supply complementary information: the locus displays the attainable trade-off at each
mean, and expected log growth selects the evolutionary optimum under the specified

multiplicative model.

83.7. The allocation consequence for an existing seed morph

The seed-only optimum invests approximately 10.5% in B. After C becomes available, the
reoptimized strategy invests nothing in B. B’s four environmental returns have not changed; its
marginal contribution has changed because the competing strategy now contains C. The value

Qg = 0.918 provides a non-marginal exclusion result in this illustrative matrix, while the general

threshold is given by the inequality Q5 < 1.
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This finding concerns optimal investment, not the developmental loss of a seed morph or a
prediction that all new reproductive mechanisms displace existing ones. It illustrates the broader
conclusion that each output’s value is contingent on the complete set of available reproductive

alternatives.

83.8. Reproducibility and scope

Every number reported in S2 and S3 is determined by the stated four-by-three return matrix, the
four equal environmental probabilities, the budget constraint, and either the fixed-mean variance
or expected-log-growth objective. All covariance entries use population probabilities (division
by four), not a sample covariance correction. The seed-only and full growth optima were
obtained by solving the one-dimensional stationary polynomials and checking the excluded-
output condition; the piecewise risk minima were obtained by differentiating a convex quadratic

and applying the allocation bounds.

These calculations concern environmental variation in positive lineage multipliers. Offspring-
level demographic stochasticity, inherited variation in allocation, age structure, and allocation-
dependent physiological returns are not estimated in this numerical example. Nonlinear returns
can be represented by a more general allocation-dependent function, but their optimality

conditions need not equal the linear expressions above.

Taken together, the supplementary derivations show how a common fitness currency supports

the reproductive return matrix, how the matrix determines the minimum-variance locus, and how
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732 the same environmental returns identify the independently optimized long-run reproductive
733 strategy.
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