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Abstract

1. Bayesian estimation of abundance with capture-recapture data has been dominated
for nearly 20 years by the parameter-expansion data-augmentation (PX-DA) ap-
proach. The PX-DA approach expands the parameter set to include the latent true
states of the individuals. PX-DA allows straightforward coding of models in MCMC
software such as JAGS (Just Another Gibbs Sampler) or nimble, however, this ap-
proach can be computationally demanding for large or low detectability populations.

2. We develop a collapsed Gibbs sampler version of the PX-DA approach to reduce com-
putational burden when using Markov Chain Monte Carlo (MCMC) to fit Jolly-Seber
(JS) models. Using the collapsed sampler, no parameter expansion or data augmen-
tation is needed. Two of the main computational benefits are: (1) the MCMC only
needs to iterate over unique capture-histories and (2) the MCMC can be divided into
2 stages where the second stage sampler can be run in parallel. We provide an R pack-
age nimbleJSextras that uses the functionality of the nimble and nimbleEcology
packages to perform MCMC analysis for JS models with the same ease for practi-
tioners the PX-DA approach.

3. Using the nimbleJSextras package, we analyzed two real data sets to illustrate
the method. First we analyzed the classic dipper data using per capita recruitment
parameterization. We compared the collapsed sampler to PX-DA. In the second
example we analyzed a data set of 5,271 female nesting green turtles in the Northwest
Hawaiian Islands over a 44 year period that contained time by individual behavioral
effects induced by capture procedures.

4. In the dipper analysis the relative speed of the MCMC compared to the PX-DA sam-
pler depended on the number of augmented individuals, slower for 300 augmented
individuals and faster for 1,000 individuals. Convergence metrics showed slightly
quicker convergence of the collapsed MCMC than the PX-DA sampler. The full 2-
stage collapsed sampler ran in only 1/10 the amount of time needed for the PX-DA
sampler. The more complex green turtle data finished in < 3.5 hours illustrating
that relatively large, long-term data can be analyzed efficiently even with a complex
capture probability model using the 2-stage collapsed sampler. Moreover, trial anal-
yses are not necessary to determine an adequate number of augmented individuals.

Key words: Abundance estimation, Bayesian, capture-recapture, collapsed Gibbs sam-
pler, Markov Chain Monte Carlo, parallel computing
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1 Introduction

For over 60 years, open-population capture-recapture models, particularly those in the
Jolly—Seber (JS) family (Jolly, |1965; [Seber, [1965), have been fundamental tools for
estimating demographic rates such as survival, recruitment, and population size in open
systems where individuals can enter or leave the population between sampling occasions.
Classical maximum-likelihood estimators and their extensions (Schwarz and Arnason) [1996])
have long provided practical means for inference, yet they are often limited in their capacity
to accommodate hierarchical structures, covariate effects, or complex dependence among
parameters. Bayesian approaches have addressed many of these limitations, enabling
flexible modeling and coherent quantification of uncertainty (Royle and Dorazio, 2008)).
Adoption of Bayesian inference for JS models was initially hindered in regular use
because standard Bayesian Markov Chain Monte Carlo (MCMC) software at the time, such
as WinBUGS (Lunn et al. 2000) or JAGS (Plummer} 2003) did not have the capability to
calculate the JS likelihood within the MCMC sampler. Therefore, practitioners would have
to code the JS likelihood as well as bespoke MCMC algorithms for Bayesian estimation of
JS parameters. The groundbreaking papers of Durban and Elston| (2005) and Royle et al.
(2007)) introduced the concept of a population of augmented individuals which may or may
not be part of the true population of interest, depending on whether or not they entered
based on an probabilistic binary indicator of inclusion. This parameter expansion data
augmentation (PX-DA) specification was formalized for JS models by Royle and Dorazio
(2012). By introducing latent inclusion indicators as part of the hierarchical model, PX-DA
allows MCMC sampling in a fixed-dimensional parameter space, where abundance is simply
the sum of the latent inclusion indicators and not a model parameter. This breakthrough
allowed users to construct a JS model hierarchically in WinBUGS or JAGS using simple,
standard distributions. Due to the ease in which JS models could be fit with PX-DA
methods, regular use of Bayesian methods for estimating abundance from capture-recapture
increased dramatically and augmentation methods became the dominant paradigm for
abundance estimation in a Bayesian setting. The PX-DA approach opened many doors for
fitting models that cannot be easily fit with maximum likelihood methods, namely those
including individual heterogeneity components (e.g., Durban and Elston|2005 and Royle
and Dorazio 2008, Ch. 10) and other hierarchical specifications for time-indexed effects.
Although data augmentation was instrumental in ushering in a new era a Bayesian JS
modeling, the convenience comes at a cost. The approach can be computationally inefficient
for analyses requiring a large amount of augmentation (Royle et al., 2007)) and is prone to

slow mixing (Schofield and Barker, 2008). For example, if the probability of capture is
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relatively low and the population is large, many augmented individuals need to be added to
the data and states for every individual must be updated even when their current inclusion
indicator does not indicate they are part of the actual population. In addition, Link| (2013))
notes some questionable properties of PX-DA method relative to the discrete uniform prior
induced by the parameter expansion. To alleviate some of these issues and speed
computation Yackulic et al.| (2020]) and Saracco and Yackulic| (2023) proposed the
“marginalized” capture-recapture models, which formulates capture-recapture models as a
Hidden Markov Model (HMM; Zucchini et al|2016). The HMM forward algorithm allows
one to marginalize over latent states so that they need not be sampled as part of the
MCMC. This increases speed and often improves MCMC chain mixing. However, the user
still augments data for undetected individuals and uses the MCMC to marginalize over
those not included in the population. In this paper, we introduce a fully marginalized
Bayesian formulation of the JS model that eliminates the need for any data augmentation.
Our approach integrates analytically over both the unobserved individual encounter
histories and the latent states of all individuals using a conditional HMM formulation of JS
family models. We propose using the exact JS likelihood within a collapsed Gibbs sampler
(Liu, [1994) to estimate parameters and derived quantities of JS models.

Collapsing a Gibbs sampler is a method to improve MCMC convergence over standard
Gibbs samplers. |Liu (1994)) provides a mathematical proof which shows that the rate of
convergence for a collapsed Gibbs sampler is at least as good, but often better, than the
standard Gibbs sampler for any particular model. Unfortunately, we cannot directly use
the theoretical results to prove that the collapsed Gibbs sampler for JS models will always
converge at a faster rate because neither the PX-DA sampler nor the collapsed version
presented here use strictly Gibbs updates. That is, at least some, if not all, of the
parameters are updated using Metropolis-within-Gibbs updates because the full conditional
distributions are not standard. However, Van Dyk and Jiao (2015]) note that MCMC
convergence for collapsed samplers using Metropolis updates can still offer improvement
but it may not be as good as strictly Gibbs updates.

The overall goal of this paper is to develop and demonstrate the collapsed approach
for JS models using the MCMC software in the R package nimble (de Valpine et al., [2017)
to illustrate that PX-DA methods are not necessary and JS models can be fit without data
augmentation in regular practice. The nimble package allows users to create their own
functions which can be compiled and included within MCMC model statements. Using this
capability, as well as the HMM likelihoods within the R package nimbleEcology (Goldstein
et al., [2024) we developed an extension package, nimbleJSextra that included JS

*Available at https://github.com/dsjohnson/nimbleJSextras
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likelihood and other functions for using the collapsed Gibbs sampler. The benefits of this
approach include the fact it is not necessary to specify a fixed number of augmented
individuals that were not captured. Thus, practitioners do not need to worry about
possible biases induced by adding too few individuals (Link, [2013]). Moreover, because
augmented individuals are not used, the likelihood scales with the number of unique
capture-histories, making it more efficient for large samples and populations. Finally, we
can use the likelihood factoring approach of King et al.| (2016 and Hooten et al.| (2023) to
split the sampler into two stages where the second stage abundance sample can be
executed in parallel. We demonstrate its use and benefits through analysis the classic
European dipper (Cinclus cinclus) data as well as more complex breeding return-time JS
model for green sea turtles (Chelonia mydas). The analysis and accompanying code
illustrate that augmentation is not necessary and the fully marginal collapsed Gibbs

sampling approach can be used by practitioners just as easily as PX-DA methods.

2 The Jolly-Seber class of models

Here we describe the class of Jolly-Seber models as we will use them to develop the
collapsed Gibbs sampler methods. All of the variations we consider here have been
previously described in the literature, so there are no new model specifications herein, but
we are using a general form to include as many different JS aspects for open populations as
possible.

In a JS process the population is described as N individuals that are available for
capture in at least one capture occasion during the study period. If the study is relatively
long-term, this may not be very useful, so, the occasion specific abundance, Ny, is often
desired instead, where NV, is the size of the population available for capture on occasion
t=1,..., K. Individuals become available and unavailable through an entry and exit
process where individuals can be in 1 of 3 states: “pre-entry” (pre-birth), “available”, and
“post-exit” (post-death). For this paper we expand the set of states so that we may include
general multistate models as well. Therefore, an individual can be in one of J states,
S1,...,87 where s; is the pre-entry state and s; is the post-exit state. The notation
zit € {s1,...,8s} will represent the true state of individual i on occasion ¢, thus
Ny = Zfil I(1 < zy < J), where I(...) is and indicator function.

Schwarz and Arnason (1996]) and |Crosbie and Manly| (1985) parameterized entry in
the JS model using multinomial probabilities, &, t = 1,..., K, which are the unconditional
probabilities that an individual enters between occasions t — 1 and t and is available for

capture on occasion t. With the & entry probabilities we can form the conditional entry
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probabilities that will be used in the JS model computations herein,

b= e

Zj:t éj

which is the probability that an individual enters between ¢ — 1 and ¢ given it has not
entered prior to t — 1 but will enter before K. Note that we only need to model the & up
to a normalizing constant to calculate & because that is the form of entry that is actually
used in the likelihood we will work with here. Because we are considering multistate
models as well, when an individual first enters the available population between ¢t — 1 and ¢
we must also model which state it enters into. These are denoted, oy, where Zf:_; oy = 1.

We turn our attention to transitions between states (including exit) after entry. Given
that an individual has entered prior to occasion t, the probability that an individual does
not exit the population between occasions ¢ and ¢ + 1 given it is currently available for
capture in state s; on occasion tis ¢4, [ =2,...,J —1landt =1,..., K — 1. That is, the
probability that an individual transitions from s; — sy is 1 — ¢;,. If we consider s; to be
“death” then the ¢ parameters are the typical survival probabilities. Finally, 1
( ;{;; Y+ = 1) is the probability that an individual transitions from state s; to sy
between times ¢ and ¢ + 1 given it was in the available population at time ¢ and survived to
occasion t + 1.

Now that we have described how individuals transition in and out of availability and
through states we can consider a description of the data models for the observed data.
Traditionally, data for the JS model are composed of capture histories for each individual
captured at least once, x; = (x;1, ..., x;x) where x; € {0,1} depending on whether or not
individual 2 = 1,...,n was captured on occasion t. However, we expand this notation in a
general way to cover other models such as robust design and multistate JS models. For
example, x;; might represent the number of times the animal was captured in R; secondary
occasions during primary occasion ¢t which defines a robust design model (e.g., Kendall
et al.|[1995). Or, z; might be recorded as the individual being in a particular state if it is
captured, implying a multistate model (White et al., 2006). We denote the likelihood of
observing x;; given the individual is in state z; = s; as [z4]s;]. Throughout the paper, we
use the “[A|B]” notation to represent a conditional density (distribution) function of A
given B. We briefly present a few examples for common models. For a standard
Jolly-Seber model with a binary capture history and only 1 available state (s, = “alive”)
the likelihood would be,

[xit‘82] = BeI‘IlOUHi(SCit|pt)7

where p, is the probability of capture on occasion t. If the model being fit is a robust

design formulation where x;, are the number of captures in R; sub-occasions within each
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main occasion, the likelihood would be,
[Ti¢|s2] = Binomial(z| Ry, p;).

For a multistate model where z;; is recorded as a categorical state with uncertainty (e.g.,

Johnson et al.[2016) then we use the mixture distribution
[zit|s1)] = (1 — pey) I (xie = 0) + pyCategorical(xit |0y, i # 0)

where §; is the vector of probabilities for the range of categories that can be observed when
the individual is captured in state s;. For example, one might accurately observe the state
T = s, or it is unknown, say x;; =“u”, then §; would represent the probability of observing

the true state. For any model [z;|s1(or s;)] is an indicator that x; = 0.

2.1 A brief review of data augmentation for Jolly-Seber models

To provide a framework for developing the collapsed Gibbs sampler that does not require
data augmentation, we provide a brief review of the PX-DA approach for JS inference. Let
x represent the n x K matrix of observed data, z is the associated matrix of true state
values. Xq,y = 0 and z,,, are the M — n x K matrices for the M — n augmented
individuals. For the PX-DA approach we combine, x* = (x',x,,,)" and z* = (2, z,,,,)’, and
treat them as observed data and true states respectively. The indicator of population

/

aug)'- The first n components are known to be 1 because those

inclusion is wt = (1’ w
individuals are observed.

The posterior distribution for inference is
0,4, wh 2" [x"] o [x"|z", W, 0][z"|0][w"|+][6][~], (1)

where 0 are the parameters of the JS model described in the previous section and + is the
probability that an individual is a member of the superpopulation.

The main benefit of the PX-DA approach is that all the distributions on the
right-hand side of are all standard distributions, so they can readily be described in the
model statements for MCMC software such as JAGS and nimble and the dimension of the
products remain fixed at M individuals so trans-dimensional methods are not needed.
Gibbs sampling for the PX-DA proceeds by sequentially sampling from the conditional
distributions: [z7]0, w*, x|, [w|0,v,27,x"], [y|wT], and [@]z1, w",xT]. Of course, these
may be broken up further into scalar parameter updates. During updates, the raw
quantities z* and w, as well as, v are not usually useful on their own and abundance

metric summaries, say ¥ = f(z", w™), are usually stored such as N = w’1 or

7
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N; = Zf\il ziyw;. So, the resulting posterior desired is usually, [0, 9|x"]. Note, that the
posterior distribution used for inference depends on the augmentation used, so it is not the
exact posterior we might want. If M is chosen large enough, however, it is a very good

approximation.

3 Collapsed Gibbs sampling for Jolly-Seber models

In general collapsed Gibbs samplers are constructed by marginalizing over some
components of the model, using a standard Gibbs sampler to sample the remaining
parameters, then the marginalized parameters are sampled using their posterior predictive
distribution given the first sample. In an MCMC sampler with strictly Gibbs updates,
faster convergence is achieved because the first sample is not conditioned on the second
sample components, reducing the covariance between them and speeding convergence ([Liu,
1994). To develop the collapsed JS sampler we will marginalize over all the augmentation

components so that we only sample from the conditional distribution,
[0, Alx] oc [x[0, A][6][A],

where A is a parameter that controls the overall superpopulation size. The origin of A will
be described in the following section, but it takes the place of v when not using
augmentation.

After drawing a sample from [@, \|x] we proceed by next drawing a sample from the
posterior predictive distribution,

[Z7 ZU? nu‘07 )\7 X]

where n,, is the posterior predicted number of unobserved individuals and z, = [z, ;] is the
associated n, x K state matrix for those latent individuals. One important aspect to note
is that the dimension of z, is not constant over MCMC iterations. Therefore one usually
saves the same fixed-dimensional abundance metrics as in the PX-DA scenario,

9 = f(z,Zy, ny). Note the function, f is slightly different than before. For example,
N=n+n,and Ny =" 2y + Z?L Zy,;t- The resulting posterior of this sampler is

(0,9, \|x] x [0, A, x][0, \|x].

Note that the posterior depends only on x not x*, so there is no approximation due to
data augmentation.
Now that we have outlined the collapsed Gibbs sampler for JS models we need to

examine the details and illustrate that it can be accomplished within the nimble
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framework in way that makes it similar in ease-of-use for practitioners relative to the

PX-DA approach. The first step is to determine the first sample marginal distribution.

3.1 Evaluating marginal posterior of Jolly-Seber models

In the first step we need to draw a sample from the marginal posterior distribution, [8, A|x],
so let us start with the PX-DA posterior and marginalize over the augmented components.
To accomplish this we follow |[King et al. (2016]) and Hooten et al.| (2023) in partitioning the

PX-DA posterior by conditioning on capturing n individuals with capture-histories, x,

0,7, Waug, 2" |[X] x [x|2,0,n][2|0, n]
X [Zaugywaug|977>n]

x [n]6,7][0][1]

where, under the PX-DA approach, the probability of observing n individuals during the
study is [n]@, ] = Binomial(M, yp*) and p* is the probability of being captured at least

once. Thus if we integrate over the augmentation components we obtain

(6,7, 2/x] o< > ) (6,7, Waug, 2" [x 7]

Waug Zaug

o [x|z,8,n][z|6, n][n|6,][0][

Before we continue with marginalizing over z let us take a closer look at [n|@,~]. We do
not have any augmented data in the marginal posterior, but we still have the remnants of
that process, M and v. One way to remove their effect is to envision a hypothetical infinite
amount of augmented data, that is M — oo. If we follow this limit while simultaneously
allowing v — 0 such that M~y — A, then [n|@,~] — [n]|@, \] = Poisson(Ap*). So, fully
marginalizing over the components of an infinitely large augmented data set, yields the

posterior,

0, )\, z|x]| x [x,2|0,n][n|0, \][0][)].

This is equivalent in form to the likelihood derived by |Glennie et al.| (2019) and |Zhang
et al.| (2023) for spatial capture-recapture models when individuals are distributed as a
spatial Poisson process.

Now the final step in evaluating the fully marginal posterior distribution,
[0, Alx] o< [x]0,n][n|6, A[0][]

is to marginalize over the partially latent states, z. |Glennie et al. (2019)) and [McClintock

et al.| (2020) show an individual capture history in a JS models can be formulated as a

9
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Hidden Markov Model (HMM). That is, the (unconditional) probability of an individual

capture-history can be calculated with the matrix product,

x:0] = 7P (2:)T1Pa(242) - - - T P (i )1. 2)

where 7 is the initial state probability vector, P(x) is a diagonal matrix of observation
likelihoods for each state, I'; is the probability transition matrix for states, and 1 is a
vector of ones. Therefore, to evaluate the probability of a single capture-history, x;,
conditional on being captured at least once, we can use the HMM structure and evaluate,

X;|0
16,1 = )
where the denominator, p* = 1 — [x; = 0]|0]. We can use efficient HMM algorithms to
evaluate both the numerator and denominator because the denominator is calculated by
simply replacing the observed capture-history with all Os and evaluating it with as well.
For the general JS family model the matrices in the likelihood function are given as

follows. First, the initial state probability vector is

S1 52

T=11- 51 51041,2

SJ-1 SJ

51041,J—1 0] :

The observation likelihood matrix, P, (z;) is a J x J diagonal matrix with entries, [z;|s],

[l =1,...J. Finally, the probability transition matrix is, fort =1,..., K — 1

Y

S1 52 SJ-1 SJ
[1— &4 gt+104t+1,2 gt-l—lat—i—l,J—l 0 1 s
0 ¢t,2¢t,2,2 ¢t,2¢t,2,J—1 1- ¢t,2 S2
Po=1 : : ] (4)
0 Gt,7-1V8, 712 Gr g1V g-1,0-1 1 —¢ryg1| s5-1
L 0 0 e 0 1 1 sy

Readers should note that we have left the portion of the original JS models dealing
with death upon capture out of this development. We find this part is often omitted in
practice. If needed, it can be included in the model using a second exit state in the

transition matrix.

3.2 Using nimble to perform collapsed Gibbs sampling

To perform this approach in nimble we start by forming custom distributions for the

model description. Unlike jags, nimble possesses the ability to define new distributions

10
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and other functions that can be directly incorporated in model statements for MCMC
analysis. This capability is accessed through nimble: :nimbleFunction(). For categorical
data (e.g., multistate capture-histories), the nimbleEcology package has already defined
an unconditional HMM distribution (2). This is accessed via the

nimbleEcology: :dDHMMo () HMM distribution. In the nimbleJSextras package we used
this general HMM distribution to create the bespoke JS distribution functions,

dJS_ms(x[i,1:K],...,pstar,) = dDHMMo(x[i,1:K],...) / pstar

where pstar = 1 - dDHMMo(zeros[1:K],...) and zeros is a fixed vector of zeros. The

« 7

arguments in are the m, P;(z;;) and T'; matrices as specified by the
nimbleEcology: :dDHMMo () function. The the overall probability of capture, pstar, has
been made a separate argument because it is the same for all individuals and it is
unnecessary to recalculate the same quantity for each observed individual. The
nimbleJSextras package also has a pstar_ms() function to calculate this so the user does
not have to unnecessarily create the zeros vector.

Now that the dJS_ms () distribution and the pstar_ms() function are defined, we can
it can be used in a nimble model statement along with the Poisson distribution to model

the number of captured individuals, for example,

for(i in 1:nobs) {

x[i,1:K] ~ dJS_ms(...,pstar)
}
pstar <- pstar_ms(...)

n ~ dpois(lambda * pstar)

where x is a n X K matrix for which z;; = x[i,1:K]. Here, nobs = n, but we can not pass
n as both a constant and a random variable, so we just use a different name for the 7 index
limit. Outside of specifying the HMM matrices for particular JS models, this code is all
that is necessary to estimate the model parameters with MCMC.

Now we turn our focus to sampling the abundance functions ¢ = f(z, z,,n,) in the

second stage of the collapsed Gibbs sampler by drawing from
[Z, Zy, 10y |0, A, X] = [1,]0, A, X] (24|10, 6, X][2]6, X]. (5)

To begin, because [N|\] = Poisson(\) under the same infinite augmentation scheme and

[n, ny,|N, 8] = Multinomial (N, p*, 1 — p*) implies
[n,]0, A] = Poisson(A(1 — p*))

11
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conditionally independent of the data, x. So, for each iteration of an MCMC algorithm it
can be updated with a draw from a standard Poisson distribution as a posterior predictive
variable. Then the prediction for the overall abundance, N, results directly from

N = n, + n. Schofield et al| (2023)) and Johnson et al. (2010) both describe abundance
estimation as predicting the number of undetected individuals. If one is only interested in
the demographic rate parameters, @, N, or derived quantities of these parameters, then one

only needs to add

nu ~ dpois(lambdax(1-pstar))

Nsuper <- nobs + nu

to the previous nimble model statement. If quantities such as Ny or population growth are
desired, we must sample z and z, to derive these within the sampler.

The final step in the collapsed sampler is to sample the unobserved and partially
observed state matrices, z, and z. Because we have marginalized over the true states, z
with the HMM-based likelihood calculations it is not as readily apparent how this can be
accomplished, however, we can use standard HMM algorithms to efficiently draw from
those posterior distributions as well. Then we can extend the method to z,.

To begin the final step, we must sample the true states for the observed individuals
from the predictive distribution, [z;|@,x;]. This can be accomplished efficiently with the
Forward-Filtering Backward—Sampling (FFBS) algorithm for conditional state sampling of
HMDMs (Scott, [2002)). The details of the of the FFBS algorithm can be found in Appendix
A (algorithm 1). Heuristically, the algorithm works by first using the HMM forward
algorithm (Zucchini et al., 2016]) followed by a backward pass through the capture history
to sample from [2;|2; 441, - - -, Zi i, 0, %] at each occasion. To facilitate this sampling
algorithm we have coded the FFBS algorithm into the nimbleJSextras package and it can

be implemented via,

for(i in 1:nobs){
z[i,1:K] <- sample_det_ms(x=x[i,1:K], ...),
}

this will draw a sample from [z;|0, x;]. Here we have proceeded against convention by
specifying a random quantity with a deterministic nimble function, however, one would
never use this distribution as a likelihood, so the coding overhead to specify it as a
distribution seems unnecessary and it functions in the same manner as a bespoke
distribution. Once we perform the the FFBS algorithm for each captured individual we can

calculate the derived quantity, n,; = >, I(zy = s;), the abundance of observed

12
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individuals in state s; at time t. For simplicity, we use the bold notation,

n; = (ng1,...,Ny), to represent the vector of state-specific abundances and n;, = 227;21 Nt
to represent the total abundance of captured individuals available at time ¢. For a standard
JS model (J = 3) this is accomplished with the following code.

available[1:nobs,1:K] <- z[1l:nobs,1:K]==
for(t in 1:K){ n_t[t] <- sum(available[l:nobs, t]) }

Now that we have the state and time-specific abundances for the observed individuals,
we shift to the n, individuals that are never captured. We could use the same FFBS
algorithm to individually sample the states of all n, individuals all with the capture-history
x; = 0. However, Because all uncaptured individuals have the same capture-history, we can
use a multinomial version of the FFBS, to sample the state and time-specific abundance in
one forward and backward pass without simulating individual state histories (Appendix A,

algorithm 2). This can be accomplished using nimbleJSextras with the model statement
nu_t[1:3, 1:K] <- sample_undet_ms(nu,...)

Now that we have posterior samples of n; and n,; we can predict the state and
time-specific abundances N, = n; + n,; and N, = n; + n,; and any function,
f(Ny,...,Ng), such as population growth. The online supplement provides a nimble code
template for fitting a standard JS model via the collapsed sampler. Notably, the sample
code illustrates the structure for the data input and nimbleEcology: : dDHHMo () HMM

13 7

matrices contained in the arguments of the previous code snippets.

3.3 Additional computation benefits of the collapsed sampler

Here we demonstrate some additional computational savings that we can use due to the
factoring of the posterior distribution in the collapsed Gibbs sampler. Using the previous

development, we can write the full JS model posterior distribution as,
(9, ny, 0, N, |X] o< [F|ny, 0,x][n.]0, N, x] X [x]0,n][n|0, \][0][\] (6)

The first savings to note is that we only need to use the unique capture histories to
evaluate the fully marginal likelihood (Turek et all 2016),

n n*

(x]0,n] = H[XAO,TL] = ij[ujlean] (7)

i=1 Jj=1
where u; is the jth unique capture-history, w; is the number of times it occurs in x and n*

is number of unique histories in x. This is standard practice when fitting models using

13



330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

maximum likelihood methods, however, it is not possible using the PX-DA approach for
Bayesian analysis. This can be a substantial computational savings if n* is much smaller
than n (Turek et al., 2016).

The second computational saving is due to the predictive factoring in @ This is the
same approach used by Hooten et al.| (2023), and Hooten et al. (2024) to facilitate an
efficient 2-stage approach to Bayesian estimation of closed-population models and we can
do the same here. The 2-stage approach first involves drawing a posterior sample from
[0, \|x, n], preferably using just the unique capture-histories. Then, divide the sample into

B batches and sample from [, n,|0, A\, x| in parallel for each (6, ) in the separate batches.

4 Examples and Extensions

4.1 The Dipper Data

The first examination of the ubiquitous European dipper data was presented by |(Cormack
(1964) who used it for demonstration of the Cormack-Jolly-Seber (CJS) model for survival
estimation from capture-recapture data. Many years later Lebreton et al. (1992) used the
data to demonstrate a JS analysis for abundance estimation. More recently, Royle and
Dorazio| (2008)) demonstrate a Bayesian version of JS modeling using PX-DA. Here we
demonstrate analysis of the data using the per capita recruitment parameterization of |Link

and Barker| (2005) for modeling entry probability.

4.1.1 Model specifications

The entry probabilities of the per capita recruitment model are given by

1 t=1
&t o
dtftfl t:2,,K

d; < E[N;/N16, N], the expected relative abundance, and f; is the per capita recruitment

rate. The quantity d; is calculated with the recursion, dy = d;_1(¢y_1 + fi_1) where d; = 1.
In addition to the per capita recruitment parameterization of the entry model, we also

use a hierarchical approach for estimation of the parameters. The hierarchical model adds

the random effects components,

logit ¢; ~ N (pg,03)
logit py ~ N(:upv 012))7 and log f; ~ N(:uﬁ 0]2”)

14



357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

This allows shrinkage of the full time model to the temporally constant model. We used
the complexity prior distribution (Simpson et al., [2017) on each of the three the variance
components, o ~ Exponential(1). All mean components of the random effect where given
the vaguely informative N (0, 1.5%) prior distribution. For A we used [A\] = Gamma(1.0e-6,
1.0e-6) to approximate the objective prior, [\] = A~!(Schofield et al.| [2023)).

Code for this example is provided in the online supplement and the dipper data was
obtained from the marked package (Laake et al., 2013)). We analyzed this same model with
four different methods: (1) PX-DA with 300 augmented individuals, (2) PX-DA with 1,000
augmented individuals, (3) the collapsed sampler, and (4) the collapsed sampler using
additional computational savings of Section . For the 2-stage collapsed sampler, we
used 10 parallel sessions so that each session used 5,000 iterations from the first stage to
sample abundance. We compared the first 5,000 iterations of methods to assess progress
toward convergence using the scale reduction diagnostic (Gelman and Rubin, [1992) as well
as the multivariate version (Brooks and Gelman) 1998). For full estimation we used 50,000
MCMC iterations following a 10,000 iteration burnin.

4.1.2 Results

The multivariate scale reduction for the first 5,000 iterations of the collapsed approach was
1.11, while the scale reduction for the PX-DA approach with 300 and 1,000 augmented
individuals was 1.22 and 1.33 respectively. For this diagnostic a value ~ 1 implies
convergence. S0, we can see that convergence begins sooner for the collapsed sampler, but
for this analysis it was of little consequence because all methods had converged well before
the 10,000 iteration burnin.

To compare the relative run-times of each of the methods we hold PX-DA (300) as the
default standard. The extra 700 augmented individuals in the second PX-DA increased
run-time by 3.68x. Run-time for the standard collapsed sampler was 1.82x. Finally, the
run-time of the two-stage parallel collapsed sampler was 0.11x, a substantial improvement
over the PX-DA methods. For the dipper data there are only n* = 32 unique
capture-histories in the n = 294 observed individuals. So, the likelihood calculation only
needs to loop over the 32 unique histories for each MCMC iteration.

Parameter estimates are given in Table [1| for the standard collapsed sampler. For each
of the four methods, the parameter and abundance estimates aligned outside of Monte
Carlo error, as expected, because the same model is fitted. The super population size
estimate is N = 324.6 with SD = 16.3 and 95% highest probability density interval of
[300-356]. Yearly abundance estimates are illustrated in Figure [l
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4.2 Abundance and reproductive demographics of nesting

Hawaiian green sea turtles

Here we present an example analysis with a multistate component, abundance of female
nesting Hawaiian green sea turtles (Chelonia mydas) or honu. This analysis demonstrates
use of the fully marginal collapsed sampler to fit a model that incorporates individual by
time effects on capture probability heterogenity. Specifically we fitted a behavioral model
with effect of previous capture on the current capture probability. In addition, these data
are relatively large and PX-DA methods can be computationally expensive in that case.
So, we can use the two-stage collapsed sampler to efficiently sample the posterior.

The data presented here are from the 1973-2016 nesting season surveys on the islets
within the atoll of Lalo (French Frigate Shoals), in the Northwestern Hawaiian Islands.
Over the 44 year study period n = 5,271 females were captured. During the season, honu
will migrate from the Main Hawaiian Islands (MHI) to nest at Lalo starting in late April
through early August. After nesting is complete honu will return to the MHI and enter the
foraging phase which lasts between 2-10 (average c. 4) years, where no nesting occurs

(Balazs et al., 2015). The time between nesting occasions is termed remigration interval.

4.2.1 Model Specifications

There are two alterations to the traditional JS model that are necessary to estimate the
size of the nesting female population with this data. The first issue is that individuals
become unavailable for capture for an extended time while they are foraging as it is not
feasible to capture individuals in the MHI with any systematic effort. During nesting phase
individuals are concentrated at Lalo, thus, are relatively easy to capture. Second,
processing individuals on their initial capture (i.e., unmarked animals) is more time
consuming than recording individuals that already have a permanent identification
(marked). In some years there is not enough total survey resources to equally process
marked and unmarked individuals. Therefore, in some years capture and processing of
unmarked individuals is lower priority than recording marked individuals. This is similar
to a closed-population M, model (Otis et al., |1978)) where the individuals become “trap
happy”, however, this mathematical behavioral response is due to capture effort on the
part of the researchers, not actual honu behavior.

To model the effect of the remigration interval on abundance of hawksbill marine
turtles (Eretmochelys imbricata) Kendall et al.| (2019) used the breeding return time
(JS-BRT') model of Pledger et al| (2013]) which is a special case of the semi-Markov
capture-recpature model described by King and Langrock| (2016). The JS-BRT model uses
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several intermediate (sub-) states to represent the overall condition of the individual being
in a nonbreeding state, e.g., for honu, the individual is in a foraging (nonbreeding) state if
it is in any one of the substates, Fi,...,or F,,. The transition probabilities force the
individual to pass through the substates sequentially or return to the reproductive
(nesting) state. With regard to the composite state, ' = {Fy, ..., F},}, the underlying
model is a Hidden semi-Markov model (HSMM), because the dwell-time in the composite
state is not geometrically distributed as it would be in a Markov chain.

Now we examine the effort-induced trap response issue. In a PX-DA analysis this
would be taken care of with a individual X occasion covariate, say c;; that indicates if
individual ¢ has been previously captured on occasion ¢t. We cannot use that approach in
the collapsed sampler because we are not explicitly simulating state-histories for
uncaptured individuals. However, we can use the another set of substates to define our
reproductive state: Rgg, Ro1, R10, R11, where the subscripts indicate, respectively,
previously captured and currently captured on occasion t. We have moved the capture
process into the state transitions. In addition to the composite reproductive state, we also
need to further expand the foraging substates to Fyq, ..., Fom, Fi1,- .., F1,, where the first
subscript denotes previous capture. These additional foraging states are not biologically
different, they simply serve to prevent transitions among the reproductive states that are
not permitted, e.g., if an individual is in Ry its next reproductive state cannot be Ry; or
Ryg.

The model specifications for this model are notably different from the standard JS
form described previously. However, It can still be placed in the same HMM framework for
which we can use the collapsed Gibbs sampler with the additional computational savings
benefits. The HMM matrix specifications are as follows.

We begin with the state transition matrix which can be represented in its general form
with the block structure,

1— &1 &1y 0 0
r,— 0 0 ¢ri¥rrr (1 —0¢r:)l |
0 ¢riWrrt Ort¥Wrr: (1— o)l
0 0 0 1

where the ¥, ;, matrices represent the submatrix describing transitions from the composite
state “a” to composite state “b” (Langrock and Zucchini, [2011; King and Langrock, 2016)).
The entry 1 x 4 entry submatrix is, Wy g = [1 — M1Pt+1 @r1pes1 0 0], where p; is the

capture-probability and 0 < n; <1 is the proportional reduction in capture probability due

to reduced effort for capturing unmarked individuals. The submatrix W p; is a 4 X 2m
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indicator matrix such that Ry, transitions to Fy; and Ry, Rig, and Rq; transition to £,
automatically because honu cannot nest in subsequent years. The ¥z, matrix is

composed of elements,

VFo; oot = 7 (L = Nep1pesr), VFy;,Rot,t = TjMe+1Pe+1
wFlj’Rlo’t - Tj(l o pt+1>’ wFu‘:Ru,t = TjPt+1
for j =1,...,m where 7; is the probability of transitioning from foraging substate j to a

reproductive state. All other F' to R transitions have probability zero. Finally, the ¥ g,

matrix is composed of elements,
Vi, ro it = L= for j=1,....m—1, and ¥, ropt = 1 — T

The F) transitions are identical and all other probabilities are 0.
The bulk of the model specification falls in the transition matrix. The other HMM

matrices are, comparatively, more straightforward. The initial entry vector is,

T=|1-& &1 —mn) &m 0]

where 0 is a 2m + 3 row vector of zeros. The observation matrices, P(z;), are still diagonal
with [z;|s;] entries. However, because the detection process has been absorbed in the
states, [x;]s;] is just an indicator that the observation x; is possible in state s;. For
example [z; = 0|s; = Roo] = 1 and [z = 0|s; = Rp1] = 0.

Now that we have the general form of the HMM matrices, we can define specific
components for this analysis. Honu are long-lived with very stable survival once they reach
adulthood (Piacenza et al., 2016) so we modeled survival probability as constant over time
and between states, ¢;; = ¢ with prior distribution [logit ¢| = t(c = 1.52,df = 6), where
t(o,df) is a scaled t distribution with df degrees of freedom. We used this specification to
closely approximate a uniform distribution for ¢ but the sampled parameter, logit ¢, is
unconstrained. The entrance probabilities are modeled using recruitment probability
(Royle and Dorazio|, 2008). The recruitment probability, p;, is the probability that the
individual enters at occasion ¢ given it has not yet entered. This essentially mirrors the exit

probability. To use it in the collapsed sampler we need the unconditional entry probability,

¢ x P1 t=1
t — )
p Il (1—pj) 22

from which we obtain &, for the transition matrices. We, again, used the logit

transformation to specify the prior distributions [logit p;] = t(1.52,6). For the capture
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probability parameters, p; and 7, we used the ¢(1.52,6) prior distributions as well. Finally,
we used m = 5 foraging substates to model the remigration interval, with

logit 7;] = ¢(1.52,6). This choice of m results in a total of J =1+ 44 2(5) + 1 = 16 states
for the model. Finally, we used the approximate objective prior [\] = Gamma(1.0e-6,
1.0e-6).

Using the two-stage approach we ran the MCMC sampler for 50,000 iterations
following a 20,000 iteration burn-in. Within the histories of the 5,271 observed individuals,
there were only 1,338 unique capture histories. So, we reduced the sample size burden in
the first stage by about 75%. Anecdotally, as all computation environments are different,
on an Apple MacBook Pro with an M2 Max processor, the first-stage MCMC took
approximately 3.4 hours to run. For the second stage we used 10 parallel sessions and this
completed in approximately 7.5 minutes. If we assume that there is linear run time relative
to n, this implies the equivalent PX-DA version would take approximately 32 hours to
complete. This is, of course, just an educated guess but illustrative of the possible

improvement based on the dipper example.

4.2.2 Results

As expected, there were several years where capture probability was significantly lower for
newly encountered individuals than those that had been previously captured (Figure .
On some occasions p; ~ 1 while 7;p; was substantially lower. Yearly survival probability
was ¢ = 0.91 [95% CI: 0.91 — 0.92]. The probability distribution function for remigration

interval, r, can be calculated from the breeding return probabilities, 7; using,

T k=2
[r=k|m,...,75] = b1
Tk—lnjzl(l_Tj) ]{323

where for any index > 5, 75 is used. Remigration probability estimates peaked at 3 years
and showed a slight decline to 4 years, illustrating the most common remigration interval is
somewhere between 3 and 4 years (Figure 3|). The average remigration from these
probabilities is 3.74 years [3.68 — 3.82] which is similar to the empirically observed value of
4 reported by Balazs et al.| (2015).

The estimates of recruitment probability (p;) were low but relatively consistent for the
bulk of the time series (Figure [dA) with a marked increase in both point estimates and
uncertainty as the end of the series is reached. This is expected and is not indicative of a
real biological increase in population entry, as can be seen by examining the corresponding
estimates of marginal entry probability (§; Figure ) It is a result of the fact that the

model constrains entry to occur before the end of the study, and the uncertainty results
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from the breeding return time portion of the model. Individuals may enter near the end of
the study and, if not captured, they most likely will not be seen before the study concludes.
Yearly abundance of female reproductive age honu and 90% credible intervals are
shown in Figure [5] The first 6 years were discarded because there are females that have
nested before and are in the desired population, but they were in the foraging phase and
did not have a chance to be exposed to capture (Kendall et al. 2019). As Figure
illustrates, the population climbs rapidly for the first few years as all the foraging females
become exposed to capture. The 6-year burn-in was chosen based on the posterior renesting
interval distribution. For all MCMC samples, < 1% of renesting intervals last 7 years or
more. So for those individuals that nested immediately before the first occasion, there is
only a small chance that they did not nest again by the 7th occasion; thus, all females have
been exposed to capture and NV, represents the abundance of all nesting females. The
overall, superpopulation abundance was estimated N = 10,280 [9,041-11,437]. The
99%-tile of the posterior was 12,217. Thus in order to make sure that M is large enough
for a PX-DA version analysis, one should add at least 12,217 - 5,271 = 7,000 individuals.

5 Discussion

Here we presented motivation and examples demonstrating that Bayesian inference for
estimating abundance from capture-recapture data using Jolly-Seber family models does
not necessarily need the PX-DA approach to be practical for regular use. By collapsing the
PX-DA Gibbs sampler we can eliminate all need for state and data augmentation.
Although there are no MCMC theories we can directly use to guarantee convergence
improvements due to the Metropolis-within-Gibbs samplers that are used in practice. It is
often noted that convergence improvements are realized in practice (Van Dyk and Jiao),
2015). In fact, in the dipper example we did see some initial convergence improvement,
although only slight. However, more importantly, the collapsed sampler allows us to use
some additional computational tricks which can drastically speed up the MCMC, only
using unique capture histories and parallel sampling of any desired abundance quantities.
To make the collapsed approach straightforward for practitioners to use we developed
the R package nimbleJSextras, which can be installed from Github or R-universe m Both
source and binary installations are available from R-universe. The package extends the
nimble and nimbleEcology packages for fitting JS models using the collapsed approach.

With nimbleJSextras fitting a JS models requires relatively the same level of bespoke

Thttps://dsjohnson.r-universe.dev/nimbleJSextras
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coding as the PX-DA approach. In addition to the multistate models shown in the example
section we have also included functions for fitting Binomial and Poisson capture histories
as well. The code in these extra versions serves as a template for those that might want to
extend to other types of capture-histories.

The examples of Section 4 illustrate both a standard JS analysis with the dipper data,
as well as, inclusion of individual x occasion effects on capture heterogeneity in the honu
analysis. But it is useful to consider when the PX-DA approach might be preferred. One of
the main benefits of the PX-DA approach over even standard frequentist methods such as
maximum likelihood estimation is the ease of which all types of heterogeneity can be
included in a model. For example, individual heterogeneity in survival or capture
probability can easily be included with an individual random effect within logit
specifications of the parameters (see Royle and Dorazio| 2008, Chapter 10). These
continuously valued random effects would be difficult if not prohibitively challenging to
implement with the collapsed approach. However, we speculate that, as in the honu
example, there may be finite state alternatives or approximations for these models which
could produce similar results. [Pledger et al.| (2010) note that finite state models with 2
states can be effective approximations for continuous capture heterogeneity models.
However, a model with many different continuous random effects components might greatly
expand the number of states necessary to approximate said model. So, while a single
random effect for individual capture heterogeneity might be easily approximated by a few
states, the number of states needed for heterogeneity in capture, survival, and state
transitions will grow multiplicatively. In that case, PX-DA models may be easier to
implement, but, some further investigation is warranted. For example, Johnson et al.
(2016)), show that multivariate states can be represented more parsimoniously than a full
product of levels.

Astute readers will notice, while we used the collapsed Gibbs sampler to derive a fully
marginal approach, in the end we arrived at a standard Bayesian analysis in which we use
the exact data likelihood and prior distributions to arrive at posterior inference. For the
true model parameters: p, ¢, €, and A\, this is, indeed, the case. However, using the
derivation of the collapsed sampler to arrive at this realization serves three purposes. First,
it allows us to use some theoretical justification to provide some assurance that there is a
very high likelihood that we will improve the MCMC mixing and convergence rate versus
the PX-DA version, even if only slightly as in the dipper example. Yackulic et al.| (2020)
also demonstrated this for marginalized Cormack-Jolly-Seber models through simulation.
Although, we are not mathematically guaranteed that this will occur. Second, the

collapsed Gibbs sampler allows us to explicitly formulate abundance values, e.g.,
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Ni, ..., Ng, as posterior predictive quantities, which is not immediately obvious from
classical likelihood derivations such as Schwarz and Arnason (1996). This allows the use of
the parallel sampling in the second stage. Finally, the process of deriving the collapsed
Gibbs sampler allows us to connect the traditional frequentist JS likelihood to the the
Bayesian PX-DA version, which for many practitioners has become the default way to
think about abundance estimation from capture-recapture data. Given that we are using
the exact likelihood in a traditional Bayesian analysis we can also examine some
implications of our development in that light. The first thing to note is that NV is not a
parameter in our likelihood, A takes its place. In the Schwarz and Arnason| (1996) JS
likelihood, [n|@, N] = Binomial(N, p*) is used instead of Poisson(Ap*) (King et al., 2016).
In a traditional Bayesian analysis using the likelihood we would put a prior distribution on
N. If we assume [/N] = Poisson(\) we will arrive at the same likelihood here, developed
from allowing M — oo, after marginalizing over N. However, |Link| (2013 suggests the
objective prior [N] = N1, But as|Schofield et al.| (2023)) proves, using the Poisson prior
with hyper-prior [A\] = A~! will give the exact same posterior inference as when using the
objective prior for N directly. So, while it may seem that we are making a specific
distributional assumption for N by using the Poisson distribution, it is not a consequential
as it seems. In the example sections we used [A\] = Gammaf(e, €) which approximates A~
for € — 0. So, the collapsed development provides a framework to complete the arc of
Bayesian inference for JS models from the exact likelihood of |Schwarz and Arnason! (1996))
to the PX-DA expansion of |[Durban and Elston| (2005)) and [Royle et al.| (2007)) and back

again to use of the exact likelihood.
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Table 1: Parameter estimates for random effect per capita recruitment model for the Euro-

pean dipper data. Credible intervals are 95% highest probability density (HPD) intervals.

Parameter Estimate SD 95% CI

A 324.67  24.21 [279.80 — 373.47]
N 32461 1625  [300 - 356]
fi 127 076 [0.30 - 2.66]
fa 0.70 019  [0.39  1.08]
fs 053 010  [0.35 - 0.74]
i 048 009  [0.31  0.65]
fs 049 008  [0.34 0.66]
fo 043 008  [0.27  0.59]
o1 059 007  [0.46  0.75]
s 051 006  [0.40 - 0.62]
s 052 0.05  [0.42 - 0.61]
b 059 005  [0.50  0.69]
&5 058  0.05  [0.50  0.67]
6 058  0.06  [0.48  0.70]
m 0.64 027  [0.22 - 0.96]
P2 0.82 010  [0.60  0.96]
s 0.80 005  [0.79  0.99]
Ps 0.89 005  [0.79  0.98]
Ps 0.80 004  [0.81 - 0.97]
P 091 004  [0.83 0.8
pr 0.88 007  [0.75  1.00]
s 055 028  [1.04 - 0.03]
o) 048 034  [0.00  1.09]
1 025 019  [-0.10 - 0.63]
4 0.28 022  [0.00 - 0.68]
" 185 055  [0.71 - 2.87]
o, 0.84 066  [0.02 - 2.03]
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Figure 1: Time-specific abundance estimates for the European dipper data analysis. Error

bars are 95% highest probability density intervals.
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Figure 2: Capture probability estimates for Lalo honu data. Blue estimates are for individ-

uals that have been previously captured (p;)and red color denotes individuals that have not

been previously captured (n:p;). Error bars are 90% highest probability density intervals.
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90% highest probability density intervals.
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Figure 5: Estimated abundance of nesting female honu. The crosses are the number of
observed individuals in a given year and the interval points are the estimated abundance
in the entire population. The gray interval points are estimated abundance prior to the
occasion when all individuals had a chance to be captured. Prior to that time there are
some adult honu that were foraging and had not revisited Lalo for capture to be possible.

Error bars represent 90% highest probability density intervals.

33



736

737

738

739

740

741

742

743

744

745

746

747

748

749

A Forward-Backward Posterior Abundance Sampling

Algorithms

Here we present two versions of the Forward-Filtering Backward-Sampling (FFBS)
algorithm for sampling the conditional posterior distribution of the true state of an
individual(s). These algorithms are used within each round of MCMC updates to draw
from the state distributions conditional on the observed data, x = {x1,...,X,}, and the
parameters, 0 at the current iteration. The first version is for updating the true state,
z; = (21, ..., 2zix) of an observed individual with capture history x; # 0. The second
version is for updating the state and time-specific abundance of all unobserved individuals
given the observed data, x, the number of unobserved individuals, n,, and the current
parameters, 6. Both of these algorithms are coded as nimble functions (sample_det_x*
and sample_undet_x**) in the nimbleJSextras package available at
https://github.com/dsjohnson/nimbleJSextras or

https://dsjohnson.r-universe.dev/nimbleJSextras.

Algorithm 1 FFBS for Observed Individuals

1: Inputs: x;, m, {T';}, {Py(xi)}

2: Output: posterior draw of hidden state sequence z; ~ [z;|x;, 0]

Forward pass:
Compute f; = 7P (x;1)
Normalize f; = f; /sum(f;)
fort=1to K —1do
fio= ftFtPt+1(xi,t+l)
Normalize f; ;1 = fi1/sum(f;; ;)

end for

10: Backward sampling:

11: Sample z;; ~ categorical(f)

12: fort = K — 1 down to 1 do

13:  Compute b =, © [, z;441] (® is elementwise multiplication)
14:  Normalize b = b/sum(b)

15:  Sample z; ~ categorical(b)

16: end for

17: Return z; = (2;1, ..., 2 k)
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Algorithm 2 FFBS for Unobserved Individuals
1: Inputs: m, {T';}, {P(0)}, n,.

2: Output: posterior draw of abundance of unobserved individuals n, ~ [n,|x,n, 8], where

n, is a J x K matrix of state- and occasion-specific abundance of unobserved individuals.

Forward pass:

Compute f; = wP;(0)

Normalize f; = f; /sum(f;)

fort=1to K —1do
fi 1 = £ P 1 (0)

Normalize f; ;1 = £ /sum(f;, 1)

end for

10: Backward sampling:

11: Sample n,[, K] ~ multinomial(n,,, fx)
12: fort = K — 1 down to 1 do

13: forl=1to J do

14: Compute b =f;, © T'y[,{] (® is elementwise multiplication)
15: Normalize b = b/sum(b)
16: Sample Z[, [] ~ multinomial(n,[l,t + 1], b)

17  end for
18: forl=1to J do

19: n,[l,t] = sum(Z[l,])
20: end for
21: end for

22: Return n,
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