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Abstract

Multivariate responses are central to ecology and evolutionary biology, but their
covariance is often difficult to model and interpret. Generalised linear latent variable
models (GLLVMs) provide a parsimonious way to represent covariance among many
responses using a smaller number of latent variables. They are widely used for Site x
Species data in joint species distribution modelling and model-based ordination. Here,
we argue that their broader value lies in treating the response matrix as an explicit
modelling choice. Changing the response matrix changes the biological question: Site x
Species, Site x Trait, Individual x Trait, and Species x Trait formulations target
different kinds of covariance, even when they use the same basic idea of summarising
shared variation with latent variables. We describe the basic structure of GLLVMs, the
interpretation of latent variables, loadings, residual covariance or correlation, and
communality, which measures how much of a response’s variation is shared with other
responses. We then use “the fourth-corner problem” to show why the choice of response
matrix matters, before developing Unit x Trait as an organising principle for
applications in functional biogeography, behavioural syndromes, and phylogenetic trait
integration. We conclude that GLLVMs are best viewed not as a method for one data
type, but as a general modelling language for multivariate biological covariance,
provided that the response matrix, level of inference, and limits of mechanistic
interpretation are made explicit.
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Introduction

Ecology and evolution are inherently multivariate. We often measure several biological
responses on the same observational units: gene expression across tissues, traits across
individuals or species, species abundances across sites, or ecosystem functions across
communities [114]. These measurements are rarely independent. Behaviours may covary
because individuals differ consistently in their behavioural tendencies; morphological
traits may covary because of shared evolutionary, developmental, or functional
constraints; and species may co-occur because they respond to the same environmental
gradient. In such cases, covariance is not merely a statistical complication; it is often
part of the biological pattern we want to describe and understand.

Modelling this multivariate covariance among measurements creates a practical
modelling problem. If we want to model many responses jointly, we need some way to
describe how they covary. The most direct approach is to estimate a full covariance
matrix among the T response variables (measurements). However, this quickly becomes
difficult. A full covariance matrix contains T' variances and T(T — 1)/2 covariances,
giving T'(T + 1)/2 variance—covariance parameters in total [3]. Ten responses therefore
require 55 variance—covariance parameters; twenty responses require 210 parameters. In
many ecological and evolutionary datasets, this is too many parameters to estimate
reliably, especially when sample sizes are modest, responses are non-Gaussian, or the
model must also account for hierarchical, spatial, temporal, or phylogenetic
structure [3,/5,[6]. As a result, researchers often analyse responses one at a time, assume
responses are independent, or use dimension-reduction methods (e.g., principal
component or factor analysis), which are not directly linked to an observation model for
the data [7,8].

Generalised linear latent variable models (GLLVMs) provide one practical solution.
Instead of estimating every pairwise covariance separately, a GLLVM represents shared
variation among responses using a smaller number of unobserved dimensions. These
dimensions are latent variables: inferred axes of shared variation that are not directly
measured, but are estimated as part of the fitted model. In GLLVMSs, latent variables
describe residual structure among responses after the measured predictors have been
included in the model [9-13]. Because GLLVMs are generalised models, they can also be
linked to response distributions commonly used in ecology and evolution, including
counts, presence—absence data, continuous responses, and ordinal responses. GLLVMs
are already familiar in community ecology, especially in joint species distribution models
and model-based ordination. In these applications, the response matrix is usually Site x
Species: rows are sites, columns are species, and the latent variables summarise residual
structure in species (community) composition [3,/14,(15]. This is a powerful use of
GLLVMs, but it is only one possible use. The same logic can be applied whenever we
have a multivariate response matrix and want to model shared structure among its
columns.

The main point of this article is that the response matrix is itself a modelling choice.

Changing the response matrix changes the biological question. Individual x Trait
models ask how traits covary among individuals, and, when repeated observations are
available, within individuals. Species x Trait models ask how traits covary across
species. Site x Trait models ask how trait compositions or functions covary across sites.
Site x Species models ask how species covary across sites. These models may use
similar statistical machinery, but they have different units of inference, assumptions,
and interpretations. Choosing the response matrix is therefore a biological decision, not
only a data-formatting step.

We first describe the fourth-corner problem, which asks how species traits are
associated with environmental conditions through patterns of species occurrence [16,/17],
to show why response-matrix choice matters. We then explain what a GLLVM is, what
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it estimates, and how its main outputs can be interpreted. Finally, we develop Unit x
Trait as an organising principle and illustrate it through functional biogeography,
behavioural syndromes, and phylogenetic trait integration. Some of these extensions are
best viewed as conceptual or emerging applications rather than routine off-the-shelf
analyses, because most GLLVM software has been developed primarily for Site x
Species data. Our aim is therefore to clarify both what GLLVMs already offer and
where further methodological development is needed.

Why the Response Matrix Matters: From the
Fourth-Corner Problem to Unit x Trait

The fourth-corner problem provides a useful starting point because it shows that the
same biological information can be organised into different matrices, and that the choice
of response matrix determines the question being asked. In trait-based community
ecology, a common question is whether species with particular traits tend to occur in
particular environments. For example, are deep-rooted plant species more common in
dry sites, or are large-bodied species more common in productive environments?
Answering this question usually involves three observed matrices: a Site X Species
matrix describing which species occur at which sites, a Site x Environment matrix
describing the conditions at each site, and a Species x Trait matrix describing the traits
of each species [16H18§].

In the classical fourth-corner setting, the Site x Species matrix is the response. The
model asks which species occur where, and whether occurrence or abundance can be
explained by environmental variables, species traits, and their interaction [19,20]. In
this formulation, species composition is the outcome, while traits and environments are
used to explain that outcome. This is the appropriate formulation when the biological
question is about community composition: which species are present, which species are
absent, and how species composition changes across environments.

However, the same biological ingredients can support different questions. If the
question is not “which species occur where?” but rather “which traits or functions
covary across sites?”, then the Site x Species matrix is no longer the most direct
response. The response may instead be a Site x Trait matrix, where each row is a site
and each column is a community-level trait, a trait-state count, a community-weighted
mean, or an ecosystem-function measurement such as COs flux. Similarly, if the
question is whether behaviours, physiological traits, or morphological traits covary
among individuals, the response may be an Individual x Trait matrix. If the question is
whether traits covary across species, the response may be a Species x Trait matrix,
often with phylogeny incorporated into the covariance structure. Fig. [1|illustrates this
broader response-matrix choice.

This distinction matters because the response matrix defines the biological quantity
being modelled. A fourth-corner model treats species composition as the multivariate
response and asks how traits and environments explain that composition. A Unit x
Trait GLLVM instead treats traits, functions, behaviours, or other biological attributes
as the multivariate response and asks how these responses covary across a chosen
biological or observational unit. The statistical machinery may be similar, but the
target of inference is different.

We use Unit to mean the biological or observational level at which responses are
compared, such as sites, individuals, species, populations, tissues, ecosystems, or
communities [1,/21]. We use Trait broadly to mean a biological response or attribute,
including morphology, behaviour, physiology, gene expression, life-history measures,
pathway scores, ecosystem functions, or other biological variables [2,22H24].
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Environmental or contextual variables can enter as predictors, but they are not the
multivariate response in a Unit x Trait model.

Under this formulation, rows are units and columns are traits or other biological
responses. Each cell must have a clear biological meaning. It may be a direct
measurement, a repeated observation, a community-weighted mean, a trait-state count,
a pathway score, an ecosystem process rate, or a model-derived estimate [2,22}[25].
These choices are not interchangeable: they determine the biological quantity being

analysed, the appropriate likelihood, and how residual covariance should be interpreted.

The unifying point is not that all Unit x Trait models are identical. They may differ
in likelihood, random effects, replication, and spatial, temporal, phylogenetic, or
hierarchical structure. Rather, they address a common class of questions: how do
multiple biological responses covary across a defined unit of organisation, after
accounting for measured predictors? GLLVMs provide a shared latent-variable
framework for modelling this covariance once the response matrix and level of inference
have been chosen.

What Is a GLLVM?

Once the response matrix has been defined, a GLLVM provides one way to model how
its columns covary. The basic idea is simple: rather than estimating a separate
covariance for every pair of responses, the model asks whether some of this covariance
can be summarised by a smaller number of latent dimensions. These latent dimensions
are not directly observed. They are estimated as part of the fitted model and represent
shared structure among responses after measured predictors have been included.

A useful way to read a GLLVM is from left to right, as in Fig. 2] We begin with a
response matrix, add measured predictors, use these to build a linear predictor, and
then use latent variables to summarise any remaining covariance among the responses.
Thus, a GLLVM combines two familiar ideas. Like a generalised linear model, it relates
responses to measured predictors using an appropriate link function and response
distribution. Like factor analysis or ordination, it uses a small number of latent
dimensions to describe covariance among many responses [94/10}26].

Consider a response matrix Y with n units and T' responses:

Y11 Yiz - WiT

Y21 Y22 - Yor
Y = .

Ynl Yn2 ot YUnT

Rows are the units of comparison, such as sites, individuals, species, tissues, or
ecosystems. Columns are the responses whose covariance we want to model. The entry
y;+ is the observed value of response t for unit i.

A GLLVM does not model Y directly on the observed scale. Instead, each
observation has an expected value, p;; = E(y;), and this expected value is connected to
a linear predictor, n;:, through a response-specific link function:

gt (Mit) = Mit-

The link function is simply the translation between the scale of the data and the scale

on which the model is additive. For a Gaussian response with an identity link, 7;: = p;.

For a binary response with a logit link, n;: = log{ /(1 — )}, where gt is the
probability of occurrence. For a count response with a log link, n;; = log(u;¢). Thus, 7
is not the observed value itself; it is the expected value expressed on the model scale.

June 23, 2026

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162



For all units and responses together, the linear predictor can be written in matrix

form as:
n =X B+ Z A"

NGRSV o

nxT nXp pxT nxd dxT
This equation is the algebraic version of the middle part of Fig.[2] The first term, XB,
is the measured-predictor part of the model. The matrix X contains observed
predictors, such as environmental variables, treatments, time, body size, or other
covariates. The matrix B contains the response-specific regression coefficients. This
part asks how each response changes with measured predictors.

The second term, ZA ", is the latent-variable part of the model. The matrix Z
contains the latent scores for the units. These scores place each unit on a small number
of latent dimensions. The matrix A contains the response loadings. These loadings
describe how strongly each response is associated with each latent dimension. The
number of latent dimensions is d, and in most applications d is much smaller than the
number of responses T'; for example, one to three latent dimensions may be used to
summarise covariance among many responses [11].

For readers who prefer cell-wise notation, the same model for one unit ¢ and one
response t is:

mie = %; By +2{ A

Here, x; is the vector of measured predictors for unit ¢, and 3, is the vector of
regression coefficients for response ¢. Similarly, z; is the vector of latent scores for unit i,
and A; is the vector of loadings for response ¢t. Responses with similar loading vectors
tend to covary positively; responses with opposite loading vectors tend to covary
negatively; and responses with weak or unrelated loadings tend to covary little.

The Gaussian identity-link case gives the clearest connection between latent
variables and covariance. In this case, the observed response can be written as:

Yit = Nit + €4t

where €;; is the residual deviation for unit ¢ and response ¢. This residual is the part of
the observation not explained by the measured predictors or by the shared latent
variables.

The model-implied residual covariance among responses is:

S=AAT + P

This decomposition is central to the interpretation of a GLLVM. The term AAT is the
shared covariance generated by the latent variables. The diagonal matrix ¥ contains
response-specific unique variances: variation in each response that is not shared with
the other responses.

For example, suppose we have T' = 5 responses and d = 2 latent variables. The
loading matrix is then:

A1 A2
A1 A2z
A= {231 Az
A1 Aa2
A5t As2

Each row is a response, and each column is a latent variable. The shared covariance
between two responses, say response t and response r, is the inner product of their
loading vectors:

d
(AAT)t = AT =S Mdoe
" k=1
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Thus, responses with similar loadings covary positively, responses with opposite loadings
covary negatively, and responses with weak or unrelated loadings covary little.
The unique-variance matrix is diagonal:

v 0 0 0 0
0 ¢ 0 0 0
=10 0 % 0 0
0 Vi 0

0 0
0 0 0 0 v

ot

Because W is diagonal, it contributes to the variance of each response but not to

covariance between different responses. Therefore, AAT creates the shared covariance

among responses, whereas ¥ adds response-specific variance to the diagonal of X.
For a single response ¢, the diagonal entry of the covariance matrix is:

S, = (AAT>“ LU,

The first term is the part of response t’s variance shared with other responses through
the latent variables. The second term is the response-specific variance not shared with
other responses. This is the basis for communality and uniqueness, introduced below.
For non-Gaussian responses, the same intuition applies, but the covariance is usually
interpreted on the link, latent, or distribution-specific scale rather than as ordinary

Gaussian residual variation on the original response scale. This distinction is important.

A latent variable is not automatically a real environmental gradient, behavioural
syndrome, or evolutionary process. It is first a statistical summary of residual
covariance among responses after measured predictors have been included.

What Does a Fitted GLLVM Give You?

A fitted GLLVM gives several complementary outputs. Some of these look like familiar
regression outputs, whereas others summarise multivariate covariance. These outputs
should not be interpreted in isolation, because each describes a different part of the
same fitted model.

First, a fitted GLLVM gives regression coefficients for measured predictors. These
describe how each response is associated with environmental, temporal, experimental,
biological, or other contextual variables. This part of the model is similar to a standard
regression, except that multiple responses are analysed jointly and the model also
accounts for residual covariance among them.

Second, the model gives the fitted latent-variable structure. This structure has two
connected parts: scores for the units and loadings for the responses. Scores place sites,
individuals, species, or other units along the fitted latent dimensions. Plotting these
scores gives a model-based ordination: units that are close together have similar fitted
multivariate profiles. Loadings describe how strongly each response is associated with
each latent dimension. In ordination biplots, responses are often shown as arrows.
Responses pointing in similar directions tend to covary positively, whereas those
pointing in opposite directions tend to covary negatively. Longer arrows indicate
stronger associations. These outputs are shown schematically in Fig. [3

The same fitted latent structure can also be summarised as a model-implied residual
covariance or correlation matrix. These matrices are often easier to interpret than the
latent axes themselves, because latent axes are not unique: their signs can flip, and
rotations can give equivalent covariance structures [26,27]. In practice, loadings are
often rotated before visualisation to obtain a simpler loading pattern, but such rotation
does not change the model-implied covariance structure. For this reason, interpretation
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should not rely only on naming individual axes; it should also examine the covariance or
correlation matrix implied by the model.

A fourth output is a response-level summary called communality. Communality
answers a simple question: for a given response, how much of its model-implied variance
is shared with other responses through the latent structure? This is useful because a
correlation matrix tells us about pairwise relationships, but it does not directly tell us
whether a response is deeply embedded in the broader multivariate pattern or mostly
varies on its own.

For Gaussian models, the communality of response ¢ can be written as:

(a7),

(AAT> tt + P |

2 _
Cy =

Here, the subscript ¢¢ means the diagonal entry for response ¢. Thus, (AAT) is the
tt
amount of variance in response t explained by the shared latent structure, and Wy, is

the unique variance of response t that is not shared with other responses. The
denominator is therefore the total model-implied residual variance of response ¢.
Communality is the proportion of this variance explained by the shared latent structure.
The complement, 1 — ¢, is the uniqueness proportion [26].

High communality means that a response strongly participates in the shared
multivariate structure. Low communality means that much of the response’s variation is
response-specific, at least relative to the other responses included in the model. The
biological interpretation therefore depends on the response matrix. In a Site x Species
model, a high-communality species is strongly aligned with shared community structure,
such as a latent environmental or compositional gradient. In a Site x Trait model, a
high-communality trait or function is strongly embedded in site-level functional
covariance. In an Individual x Trait model, high communality indicates that a
behaviour, physiological trait, or morphological trait participates strongly in an
among-individual syndrome or other integrated (correlated) phenotype. In a Species x
Trait model, high communality indicates that a trait is strongly embedded in a
cross-species integration axis, possibly after accounting for phylogeny. Conversely, high
uniqueness indicates more response-specific variation: a species, trait, behaviour, or
function that is less well represented by the shared latent dimensions.

In repeated-measures designs, communality can be calculated for different covariance
components. For example, between-individual communality describes how strongly a
response participates in stable among-individual integration, whereas within-individual
communality describes how strongly a response participates in coordinated change
across contexts, time, or state [28,29]. A behaviour may therefore be highly integrated
among individuals but weakly integrated within individuals, or the reverse.

In practice, GLLVM outputs should be reported together: predictor effects,
ordination, loadings, covariance or correlation structure, communality, uniqueness, and
sensitivity to the number of latent variables. Together, these outputs describe the fitted
multivariate pattern. Their biological interpretation, however, depends on the response
matrix defined at the start of the analysis, because the same statistical output can have
different meanings under Site x Species, Site x Trait, Individual x Trait, and Species
x Trait formulations.
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Three Applications: Behaviour, Ecology, and

Evolution

The same GLLVM logic can be adapted across many areas of biology. Here, we use
three examples to show how changing the response matrix changes the biological
question: behavioural syndromes, functional biogeography, and phylogenetic trait
integration. Table [1| places these examples in a broader sequence of Unit x Trait
formulations, from molecular and organismal levels to ecosystems and landscapes.

Table 1. Examples of Unit x Trait GLLVM formulations. The response matrix defines
the biological quantity being estimated. The latent structure should be interpreted as a
summary of covariance at the chosen level, not as direct evidence of mechanism.

Unit Possible entries in the
response matrix

Main question

Possible interpretation of latent
structure

Tissue, cell Gene or transcript

type, or expression, protein

biological abundance, metabolite

sample abundance, pathway
scores, or cell-state
markers

Individual Behavioural,
physiological,
morphological, or
performance measures,
often repeated across
time or context

Population Mean traits, plasticity
estimates, regulatory
traits, or performance
measures

Species Morphological,
life-history, physiological,
behavioural, or molecular
traits

Host or mi- Microbiome functions,

crohabitat  enzyme activities,
functional guilds, or
abundance-weighted
functional summaries

Site or plot Community-weighted
means,
abundance-weighted
totals, trait-state counts,
or ecosystem function
rates

Ecosystem  Productivity,
decomposition, carbon
flux, nutrient cycling, or
other process rates

Landscape Disease-related traits,
host traits, vector traits,
pathogen measures, or
exposure summaries

Do molecular or
functional responses
covary across tissues, cell
types, or samples?

Do traits covary among
individuals, within
individuals, or both?

Do populations differ in
suites of traits or
responses?

How do traits covary
across species, possibly
after accounting for
phylogeny?

Do microbial functions
covary across hosts or
environments?

How do traits or
functions covary across
environmental gradients?

Do ecosystem functions
covary across
disturbance or
environmental gradients?
Do disease-relevant traits
covary spatially?

Regulatory modules, stress-response
axes, differentiation, or cell-state di-
mensions

Behavioural syndromes, physiological
integration, or coordinated plasticity

Local adaptation, plasticity syn-
dromes, or population-level integra-
tion

Phylogenetic trait integration, life-
history axes, or residual trait covari-
ance

Nutrient-use, host-associated, decom-
position, or metabolic axes

Functional composition, ecosystem
functioning, spatial structure, or un-
measured environmental gradients

Carbon-cycling, nutrient-cycling, re-
covery, or disturbance-response axes

Transmission-risk, susceptibility, re-
sistance, or exposure axes

Behavioural syndromes:

Individual x Trait

In behavioural ecology, the unit can be an individual, and the responses can be
behavioural, physiological, morphological, or performance traits. An Individual x Trait
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GLLVM then asks how these traits covary among individuals. When the focus is animal
personality or behavioural syndromes, the main covariance of interest is usually
between-individual covariance: stable differences among individuals in their average trait
values [41[28,30,31]. For example, the model can ask whether individuals that are
consistently more aggressive are also consistently more fearful, active, or trainable.

Box 1 illustrates this between-individual version using C-BARQ behavioural scores
from dogs. In that example, rows are individual dogs and columns are behavioural
categories. The fitted latent variables summarise major axes of stable behavioural
integration among dogs, while the model-implied correlation matrix and communality
values show which behaviours are most strongly embedded in the shared behavioural
structure.

A full multivariate mixed model can estimate a between-individual covariance matrix
directly, but the number of parameters increases quickly as the number of traits
grows [32]. A reduced-rank Individual x Trait model provides a parsimonious
alternative by summarising the main covariance pattern with a small number of latent
dimensions. Communality can then be used to ask how strongly each behaviour
participates in the shared syndrome: high communality indicates strong integration
with the other behaviours in the model, whereas low communality indicates more
behaviour-specific variation.

With repeated observations, this framework can be extended to separate
between-individual covariance from within-individual covariance, that is, coordinated
deviations of an individual from its own expected phenotype across time, context, or
state [41[33]. This extension is useful for studying plasticity or state-dependent change,
but it requires enough repeated observations and careful attention to measurement
error, observer effects, session effects, batch effects, or assay conditions [28}29]. Without
repeated observations, an Individual x Trait model can describe phenotypic covariance
among individuals, but it cannot separate stable individual differences from
within-individual plasticity.

Functional biogeography: Site x Trait

In functional biogeography, the unit is often a site, plot, community, or region, and the
responses are traits or functions measured or summarised at that level [1,34H36]. A Site
x Trait matrix may contain community-weighted means, abundance-weighted trait
totals, trait-state counts or proportions, ecosystem function rates, or other site-level
summaries [2[22,|25]. These choices are not interchangeable: a community-weighted
mean targets average functional composition, a trait-state count targets the frequency
of trait categories, and an ecosystem process rate targets function rather than
organismal phenotype.

Repeated surveys or plot censuses should be represented according to the biological
question. If the aim is to compare long-term average functional composition among sites,
repeated observations can be summarised to a single Site x Trait matrix. If the aim is
to study temporal change, each row can instead represent a site-by-time or plot-by-time
observation. A fuller hierarchical GLLVM can also retain repeated observations nested
within sites, plots, years, or sampling events. Similarly, when the raw data begin as a
Plot x Species matrix, one can either convert each plot or plot-time sample into trait
summaries and analyse a Plot x Trait matrix, or retain species composition in a model
closer to a fourth-corner formulation. These choices answer different questions.

A Site x Trait GLLVM can model several site-level traits or functions jointly.
Environmental variables such as rainfall, temperature, soil nutrients, disturbance,
habitat structure, or land-use history can enter as predictors. The latent variables then
summarise residual covariance among traits or functions across sites after these
predictors have been accounted for, and communality describes how much each trait or
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function shares residual variation with the others. This interpretation should remain
cautious, because residual covariance may reflect unmeasured environmental gradients,
spatial autocorrelation, aggregation choices, detectability, sampling design, or temporal
structure [8}37].

Phylogenetic trait integration: Species x Trait

In macroevolution, the unit is often a species or higher taxonomic unit, and the
responses are morphological, physiological, life-history, behavioural, or molecular traits.
The question is how traits covary across species, and whether this covariance is
structured by shared evolutionary history. Species usually cannot be treated as
independent observations, because closely related species often resemble one another
due to shared ancestry [38-43].

A Species x Trait GLLVM can include phylogenetic and non-phylogenetic
components of covariance. The phylogenetic component describes covariance among
traits that follows the expected similarity among species under an assumed phylogenetic
covariance structure. The non-phylogenetic component describes remaining species-level
covariance not explained by that phylogenetic structure. This residual component is not
necessarily “noise”: it may reflect shared ecology, convergence, missing predictors,
sampling variation, measurement error, or other processes operating at the tips of the
phylogeny [43]44].

Latent variables can provide a reduced-rank summary of high-dimensional covariance
within one or both components. For example, a phylogenetic latent variable might
summarise a trait-integration axis aligned with shared ancestry, whereas a
non-phylogenetic latent variable might summarise coordinated trait deviations among
species that are not explained by the tree [44H46]. Interpretation must remain cautious:
covariance aligned with phylogeny may reflect shared ancestry, evolutionary constraint,
conserved ecology, or other historically structured processes, and the model does not
distinguish among these mechanisms on its own. Likewise, non-phylogenetic covariance
is best interpreted as residual species-level covariance conditional on the phylogeny and
measured predictors, not automatically as adaptation or convergence.

In many comparative datasets, each species contributes a single value per trait. In
that setting, phylogenetic and non-phylogenetic covariance can be modelled at the
species level, but separating species-level residual covariance from within-species
variation, measurement error, or uncertainty in species means requires additional
information or explicit modelling assumptions [44]. Replicate measurements within
species, uncertainty estimates for species means, or hierarchical models can help
separate these sources when such information is available.

Common structure, different biological quantities

These examples use the same latent-variable logic, but they target different biological
quantities. In behavioural ecology, the main target may be stable covariance among
individuals, with within-individual covariance as an extension when repeated
observations are available. In functional biogeography, the target is covariance among
traits or functions across sites, plots, or site-time units. In macroevolution, the target is
covariance among species traits, often partitioned into phylogenetic and
non-phylogenetic components.

The value of GLLVMs is therefore not that one model can be used unchanged
everywhere. Rather, the same modelling language can be adapted once the response
matrix, unit of inference, observation model, and covariance level have been defined.
This is why choosing the response matrix is a biological decision as much as a statistical
one.
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Implementation, Assumptions, and Scope

Implementation depends on the response matrix, response distribution, and covariance
structure. Several R packages support GLLVMs or closely related joint-modelling
approaches, but they differ in scope. The gllvm package is purpose-built for GLLVMs,
model-based ordination, and joint species distribution models |11}/13,/47H49]. Broader
latent-variable and mixed-model frameworks include galamm and glmmTMB, which can be
useful when smooth terms, mixed responses, hierarchical designs, or reduced-rank
random-effect structures are needed [50H52]. Bayesian approaches such as Hmsc and
boral are useful when hierarchical structure, latent factors, or full posterior inference
are important [15(53[54]. Other packages, including sjSDM, gjam, and mvabund, provide
related joint-modelling or multivariate regression approaches [2045556]. Table [2| gives
examples of packages that can be useful for GLLVMs, latent-variable models, or related
joint-modelling approaches.

An important practical caveat is that current GLLVM methodology and software
have been developed largely for Site x Species matrices in community ecology.
Extensions to other response matrices are not always available in a form that matches
the biological problem exactly. For example, a functional biogeography model may
require spatial covariance at the site level, whereas a Species x Trait model may require
phylogenetic covariance to be placed at the correct level of the model. These structures
are not always straightforward to combine with latent-variable covariance among traits
in existing software. Custom Bayesian modelling in Stan offers a promising route, as it
allows users to specify the likelihood, latent-variable structure, phylogenetic or spatial
covariance, and hierarchical levels directly [57,58]. However, such models require careful
implementation, prior specification, convergence assessment, and posterior predictive
checking. Thus, some Unit x Trait applications should currently be treated as
promising extensions rather than standard analyses.

A practical workflow is to start with the simplest model that matches the biological
question. First, define the response matrix: what are the rows, what are the columns,
and what does each entry represent? Second, specify predictors and choose an
observation model appropriate for the response scale. Third, fit a small set of models,
usually beginning with one or two latent variables. Additional latent variables can be
added if they improve fit, reduce residual structure, and remain interpretable. Model
comparison should not rely on a single criterion; information criteria, cross-validation,
residual diagnostics, ordination plots, and sensitivity to the number of latent variables
should be considered together [8l[59].

Model complexity should reflect the study design. Individual x Trait analyses can
describe among-individual covariance from one observation per individual, but repeated
observations are needed to separate between- and within-individual covariance [28]. Site
x Trait analyses require well-defined site-level responses and adequate replication across
sites or site-time units. Species x Trait analyses require an explicit treatment of
phylogenetic or taxonomic non-independence [38l|42]. Spatial, temporal, phylogenetic,
and hierarchical structures should be added only when they are relevant to the question
and supported by the data, because each component changes the covariance being
estimated.

Missing data require care. Likelihood-based GLLVMs can often accommodate
incomplete response matrices without prior imputation, provided that the observation
model and missing-data assumptions are appropriate. However, missingness is not
automatically benign. If it depends on the unobserved response, sampling process,
detectability, or phylogenetic coverage, sensitivity analyses or explicit missing-data
models may be needed [44}/60|.

GLLVMSs are most useful when the goal is to describe multivariate covariance and
the number of responses is large enough that an unstructured covariance matrix would
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be difficult to estimate. This difficulty can be judged by comparing the number of
responses with the number of covariance parameters: an unstructured covariance matrix
for T responses requires T'(T + 1)/2 variance—covariance parameters, so 10 responses
require 55 parameters and 20 responses require 210. In such cases, a low-dimensional
latent-variable structure can provide a more parsimonious summary of residual
covariance. GLLVMs are less useful when there are too few units to support even a
reduced-rank model, when the response matrix is poorly defined, when residual
covariance is weak, or when prediction alone is the main goal and covariance
interpretation is secondary. In such cases, simpler alternatives, such as univariate
models, standard multivariate regression, classical ordination, phylogenetic comparative
methods, or structural equation models, may be more appropriate [7}/8,27.(61].

Interpretation, Identifiability, and Related Methods

Latent variables are statistical summaries, not mechanisms. They are introduced
because they help describe covariance among responses, not because they necessarily
represent causal processes. A latent axis may be interpreted as “behavioural syndrome”,
“functional integration”, or “life-history axis” when the loading pattern and study design
support that interpretation, but the label is not evidence that the latent axis generated
the observed variation. Residual covariance may arise from unmeasured environmental
variables, spatial or temporal structure, phylogenetic history, measurement error,
aggregation choices, or model misspecification [37}44}62].

Latent axes are also not uniquely identified. Their signs can change, and rotations or
alternative parameterisations of the loading matrix can give equivalent fitted covariance
structures [26,27]. Interpretation should therefore not rely only on the naming of
individual axes. Loadings are useful for describing how responses relate to the fitted
latent dimensions, especially when uncertainty can be reported and identification
constraints are clear. However, more stable summaries include the model-implied
covariance or correlation matrix, communality and uniqueness, and sensitivity to the
number of latent variables [48.[59].

GLLVMs are part of a broader family of multivariate methods. Classical ordination
methods remain useful for exploration and visualisation, but are not always tied to an
explicit model for the observed data [7,8]. Full multivariate mixed models estimate
covariance directly, but can become difficult to fit as the number of responses
increases [32]. Joint modelling frameworks such as Hmsc, boral, gllvm, and related
packages differ in implementation, estimation, and scope, but share the general aim of
modelling multiple responses together, often using latent variables to summarise residual
covariance [15,47,/53,/54]. The value of GLLVMs in the present context is therefore not
that they replace these approaches, but that they provide a clear language for linking
the chosen response matrix, measured predictors, and shared covariance structure.

Conclusions and Future Perspectives

Our central point is that GLLVMs are not tied to a single data type. Their broader
value lies in treating the response matrix as an explicit modelling choice. Individual x
Trait, Site x Trait, Site x Species, Species x Trait, and other Unit x Trait
formulations ask different biological questions, require different assumptions, and target
different aspects of covariance. What they share is the idea that covariance among
many responses can often be summarised by a smaller number of latent dimensions plus
response-specific variation [3}[9L[13].

Future developments could make Unit x Trait GLLVMs easier to fit with the
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covariance structures required by different biological questions. For behavioural ecology,
this means repeated-measures models that can separate between- and within-individual
covariance while accounting for measurement, observer, or context effects. For
functional biogeography, this means models that can combine latent covariance among
traits or functions with spatial, environmental, and hierarchical structure at the site or
landscape level. For phylogenetic trait integration, this means models that can place
phylogenetic covariance at the correct biological level while also estimating shared latent
structure among traits. More generally, promising directions include repeated-measures
GLLVMs, spatial and phylogenetic latent-variable models, explicit treatment of
measurement error, dynamic latent-variable models for time series, and improved
diagnostics for choosing the number of latent variables [47,49]. These developments will
be most useful when they remain grounded in the central principle that the response
matrix should match the biological question.

In summary, GLLVMs provide a flexible framework for modelling covariance among
multiple biological responses when full covariance structures are impractical. Used
carefully, they can help ecology and evolutionary biology move from asking whether
responses are correlated to asking where, at which biological level, and after accounting
for which predictors that covariance arises. The key step is not only choosing a model,
but choosing the response matrix that matches the biological question.
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Table 2. Examples of R packages for GLLVMSs, latent-variable models, and related
joint-modelling approaches. The table is illustrative rather than exhaustive. Not all

packages fit GLLVMs in the strict sense; some provide related latent-variable,

generalized additive latent, hierarchical community, or joint-modelling frameworks.
Package capabilities change over time, so users should consult current documentation
when choosing software.

Package

Model class

Main strengths

Key reference

gllvm

galamm

glmmTMB

Hmsc

boral

sjSDM

gjam

mvabund

GLLVM, directly

Generalized
additive latent and
mixed model

GLMM with
reduced-rank
structures

Bayesian
hierarchical joint
species
distribution model
Bayesian
latent-variable
ordination/regres-
sion

Scalable joint
species
distribution model

Generalized joint
attribute model

Model-based
multivariate
regression

Purpose-built for generalized lin-
ear latent variable models, model-
based ordination, joint species dis-
tribution models, constrained/con-
current ordination, hierarchical de-
signs, and phylogenetic random ef-
fects

Latent-variable and mixed-model
framework with smooth terms,
crossed random effects, mixed re-
sponses, and factor-analytic struc-
tures; useful when latent variables,
hierarchical structure, and non-
linear covariate effects are all rele-
vant

Flexible mixed-model syntax
for many response families and
random-effect structures; use-
ful when reduced-rank random
effects are embedded in repeated-
measures or hierarchical designs
Joint community modelling with
environmental covariates, species
traits, phylogeny, spatial and tem-
poral structure, and latent factors
Bayesian ordination and regres-
sion analysis for multivariate abun-
dance or community data, includ-
ing latent-variable formulations
Fast joint species distribution
modelling for large community
datasets, especially presence—
absence or abundance-type
responses

Joint modelling of mixed response
types with direct covariance mod-
elling rather than a standard
GLLVM loading-matrix formula-
tion

Multivariate  abundance and
presence—absence modelling for
hypothesis testing, including
trait—environment and abundance
models; not a latent-variable
GLLVM package

(11l[13l}47[48]

[501[51]

[32/52)

[151[54]

53]

156)

155

20]
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Figures 14

(@) Classical fourth-corner (b) Predictive-model solution
Environmental Environmental
Species variables Species variables

Site L R sie. Y — X1
N IEN

Vs Q —1 D Tron X2 X1eX2

(€) Response matrix as a modelling choice

Y=L Y=R Y=Q
Site x Species Unit x Env. var. Unit x Trait
I I

|
GLLVM for chosen Y

(d) Common Unit x Trait orientations
Traits Traits Traits

Sites
Individuals
Species

Fig 1. From the fourth-corner problem to Unit x Trait GLLVMs. (a) The
classical fourth-corner problem in trait-based community ecology links three observed
matrices: the Site X Species composition matrix L, the Site x Environment matrix R,
and the Species x Trait matrix Q. The fourth corner, D, represents the inferred
association between species traits and environmental variables. (b) In predictive
fourth-corner models, species composition is treated as the response matrix (Y = L).
Environmental variables (X; = R), species traits (X2 = Q), and their interaction (Xiy)
are used as predictors to explain which species occur where. (¢) This example shows
that the response matrix is a modelling choice. Depending on the biological question, Y
may be a Site X Species matrix, a Unit x Environmental-variable matrix, or a Unit x
Trait matrix. Changing Y changes what is being modelled. (d) Unit x Trait
formulations keep the same row-by-column logic but change the biological unit. Rows
may be sites, individuals, species, populations, ecosystems, tissues, or other units;
columns are traits, functions, behaviours, physiological measures, or other biological
responses. A GLLVM can then be used to model covariance among the columns of the
chosen response matrix. Panels (a) and (b) are redrawn from Brown (2014) [19].
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Linear predictor Residual structure

Response matrix Shared component | Loadings and
Y = (i) AA" ordination
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_|_ Unique component el -
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N T v
Measured predictors Ui _Xi IBt + Zi At Res:tljual.
X = (z; Fixed effects Latent part ;
() P covar/agce Communality Uniqueness
Z=AN+ O ¢ 1-c

Fig 2. GLLVM architecture: from a chosen response matrix to covariance
summaries. A GLLVM starts with a response matrix Y, whose entries y;; are
observed responses for unit ¢ and response t. The rows define the units of comparison,
and the columns define the responses whose covariance is being modelled. Each
observation is linked to its expected value through an observation model and link
function, g¢(uit) = nit, where pu;z = E(y;:). Measured predictors X enter the fixed-effect
part of the linear predictor, x,' 3,, and estimate response-specific associations with
observed covariates. The latent component, z; A;, describes shared residual structure
among responses through latent scores z; and response loadings A;. In the Gaussian
identity-link case, the observed response can be written as y;; = 7;; + €;¢, where €;; is
response-specific residual deviation. This gives the covariance decomposition

> = AA" + W. The matrix AAT represents shared covariance among responses
induced by the latent variables, while the diagonal matrix ¥ collects the variances of
the residuals €;; and represents unique variation that is not shared with other responses.
Together, these components define the model-implied covariance structure, which can be
summarised using loadings, ordination, residual covariance or correlation, communality,
and uniqueness. Notably, if we have multiple observations per unit, we can construct
separate covariance matrices, for example X g for between-unit covariance and Xy, for
within-unit covariance.
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Fig 3. Typical outputs from a fitted GLLVM. (a) The model-based ordination
displays units in the latent-variable space. Points represent the fitted positions of sites,
individuals, species, tissues, or other observational units. Units that are close together
have similar fitted multivariate profiles. Arrows represent trait loadings. A trait
pointing strongly along a latent variable is strongly associated with that latent
dimension, and traits pointing in similar directions tend to covary positively. (b) The
loading matrix gives the same information numerically. Rows correspond to traits and
columns correspond to latent variables. Positive and negative signs indicate the
direction of association between each trait and each latent variable, while repeated signs
indicate stronger loadings in this schematic example. (c) The residual correlation matrix
summarises the model-implied residual association among traits after measured
predictors have been accounted for. Colours indicate the direction of residual
correlations, and colour intensity indicates their strength. Darker colours represent
stronger relationships. Because correlation matrices are symmetric, only one triangle is
shown. The diagonal represents the correlation of each trait with itself. (d)
Communality summarises trait-level integration. For each trait, the filled part of the
bar represents the proportion of model-implied variance explained by the shared latent
structure, whereas the unfilled part represents trait-specific uniqueness. Together, these
outputs help interpret the fitted latent structure, but the latent variables should be
treated as summaries of covariance rather than direct evidence of mechanism.
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Box 1. Worked example: an Individual x Trait GLLVM for beh

integration

To illustrate the outputs of a fitted GLLVM, we provide an online worked example
using C-BARQ behavioural scores from dogs . The full implementation guide,
including code and explanation of the main mathematical objects used in Fig.
is available at: https://santiago-Ortega.github.io/GLLVM_overview/.

The Canine Behavioral Assessment and Research Questionnaire (C-BARQ) pro-
vides quantitative scores for fourteen behavioural categories. We use an Individual
x Trait response matrix, where rows are individual dogs and columns are be-
havioural traits. In the notation of the main text, this means that Y is a
dog-by-behaviour matrix:

dog 1: aggression dog 1: fear --- dog 1: energy
vy — |dog 2: aggression dog 2: fear --- dog 2: energy

The entry y;; is therefore the score of dog ¢ for behavioural trait ¢.

For simplicity, the worked example focuses on stable among-individual behavioural
integration. The model is fitted in long format using glmmTMB, with a reduced-rank
between-individual covariance structure and trait-specific unique variance. In the
notation of Fig. 2] the simplified model can be written as:

Vit = s + 2, A + €5t

Here, pu; is the average score for behavioural trait ¢, z; is dog i’s position on the
latent behavioural dimensions, A; is the loading vector for behavioural trait ¢, and
€;¢ is the trait-specific residual deviation. In a model with measured predictors,
such as age, sex, breed group, or neuter status, the term x;r B, would be added to
this equation.

A. Model-based ordination B. Loading matrix

Latent variable 1
C. Between-individual correlations

Agg. o strangers

rrrrrrr
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https://santiago-0rtega.github.io/GLLVM_overview/

Fig 4. Worked example: fitted outputs from an Individual x Trait
GLLVM. (a) Model-based ordination of individuals and behavioural trait
loadings. (b) Loading matrix for the two fitted latent variables. (c)
Between-individual correlation matrix; grey cells indicate the diagonal
self-correlations. (d) Trait-level communality and uniqueness.

The four panels summarise complementary parts of the fitted model (Fig. |4).
The ordination shows dogs in latent-variable space and behavioural trait loading
directions (Fig. ) In terms of the model, the points are rows of the latent-
score matrix Z, and the arrows are rows of the loading matrix A. The loading
matrix shows the same trait-latent-variable associations numerically (Fig. )
For example, a trait with loadings such as

AAggression to strangers ~ (067, _OOO)T
is mainly aligned with latent variable 1, whereas a trait with loadings such as
AFear of dogs =~ (050, —0.52)T

is aligned with both latent variables but in opposite directions.

The between-individual correlation matrix summarises the model-implied be-
havioural associations after separating shared latent structure from trait-specific
uniqueness (Fig. ) Mathematically, these associations come from:

S=AAT + O

The product AAT gives the shared behavioural covariance induced by the latent
variables. For two behaviours ¢ and r, their shared covariance is the inner product
of their loading vectors:

(AAT)W — A

Thus, two behaviours with arrows pointing in similar directions in the ordination
tend to have a positive model-implied association; behaviours pointing in opposite
directions tend to have a negative association.
The diagonal matrix ¥ contains trait-specific unique variance: variation in each
behaviour that is not explained by the shared latent behavioural dimensions. Com-
munality and uniqueness summarise this decomposition for each trait (Fig. D).
For behavioural trait ¢,
(a47)
2 tt

& = = .
(AA )tt W,

A high value of ¢ means that the behaviour is strongly embedded in the shared
among-individual behavioural structure. A low value means that the behaviour
is mostly trait-specific in this dataset. This example therefore complements the
conceptual overview in Fig. [3| by showing how an Individual x Trait response
matrix targets behavioural integration among individuals.
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