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Abstract

Molluscan shells have been studied with various geometric models. Here I show that

lead angle, the defining slope of a conical helix, emerges as a more useful parameter in
morphometric analyses and (adaptationist) interpretation of covariation in coiling
parameters. The widely used apical semiangle becomes redundant and uninformative, a
passive consequence of taxon-specific lead angles and plasticity in growth (expansion rate).
Treating coiled shells as conical helices, and extending to logarithmic slant helices (curves of
precession), provides insights into ontogenetic allometry, irregular coiling, previously

formulated shell models, and unifying fixed- and moving-frame approaches.

Keywords: allometry, conchology, logarithmic spiral, ontogeny, slant helix, theoreti-

cal morphology,
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Note

The equiangular, or logarithmic, spiral has a long and distinguished history, going back to
Descartes, Torricelli, Christopher Wren, Newton, Halley, and the Bernoullis (Thompson
[1942] 1992; Archibald 1918; Hammer 2016). Its application in biology, however, only picked
up with Canon (Henry) Moseley and Carl Friedrich Naumann around 1840, who applied it to
the study of molluscan shells, largely due to the rapid development of paleontology in the
19th century (Moseley 1838, 1842; Naumann 1845; Thompson [1942] 1992; Raup 1966;
Vinarski 2014). Much of this earlier work on modeling and measurement of shells is
thoroughly and eloquently summarized in D’Arcy Thompson’s magnum opus “On Growth
and Form” (Thompson [1942] 1992).

In “The geometry of coiling in gastropods”, Raup (1961) sketched an earlier version of his
parameter set for coiled geometries, that would later develop into theoretical morphology
and the morphospace concept (Raup & Michelson 1965; Raup 1966, 1967; McGhee 1999;
Gerber 2017). Essentially, though, Raup’s model is a reformulation of the original conispiral
parametrization of Moseley (1838) and Thompson ([1942] 1992) — a logarithmic spiral
wrapped around a cone of apical semiangle, B, rather than winding on a plane (planispiral
coiling, B — m/2; Fig. 1A,D). Its defining feature is a fixed spiral angle, a, between the tangent
of the spiral and its pole (or apex of the cone; hence, equiangular; Fig. 1A).

Conical logspirals also arise from fixed standardized curvature and torsion in the
differential geometric formulation of Okamoto (1988), a local (moving) frame analysis
(Fig. 1B) that he named the ‘growing tube’ model. A third alternative parameterization views
the conical logspiral as a conical helix (Fig. 1C). The defining feature of a helix (more
accurately, general or generalized helix, or curve of constant slope; Nutbourne & Martin
1988; Scofield 1995; Rice 1998; SI) is the constant angle its tangent makes with some fixed
direction. This direction determines the coiling axis, and the constant slope will be measured
in this study by the downward angle of the coil, or helical thread, termed lead angle, A in

Fig. 1D. (Preserving here the distinction between ‘pitch’ and ‘lead’, in the case of
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multi-thread or -strand helical structures, i.e., double or triple helices, or multi-start screws;
see SI for more on terminology). If the coils wrap around a cone (0 < § < 7/2), rather than a
cylinder (B — 0; the familiar circular helices of springs and corkscrews), such a conical helix
is also a logarithmic conispiral. I dub this third parameterization conihelical.

In the words of D’Arcy Thompson, “It seems a complicated affair; but it is only a pathway
winding at a steady slope up a conical hill ... a certain ensemble, or bunch, of these spiral
curves in space constitutes the self-similar surface of the shell” (Thompson [1942] 1992). In
this note, I explore how conical helices and their “steady slope”, or lead angle, have
underappreciated implications to morphometrics, interpretations of covariation in coiling
parameters, and unifying fixed- and moving-frame approaches to theoretical morphology. In
addition, conical helices can be extended to slant helices, particularly the logarithmic slant
helix that I present here, to gain better understanding of ontogenetic allometry, irregular
coiling, and previously formulated models of allometric spirals.

As hinted in the above quote, a shell is not a single conispiral, but a three-dimensional
structure made of “a bunch” of such spirals — the multispiral approach (Fig. 1E; also called
multivector; Thompson [1942] 1992; Bayer 1978; McGhee 1978, 1999; Savazzi 1990).
Alternatively, a shell can be described by a generating curve, a closed figure that sweeps
through space along a spiral centerline (Fig. 1F; Thompson [1942] 1992; Raup 1961, 1966;
Okamoto 1988; roughly corresponding to the ‘aperture trajectory’ of Stone 1995,
‘curve-skeleton’ of Monnet et al. 2009, ‘ontogeny axis’ of Liew & Schilthuizen 2016, or
‘internal spiral’ of Larsson et al. 2020). While called fictitious and an artificial construction
(Moulton et al. 2012; Moulton & Goriely 2012), the centerline seems a necessary evil, being a
central feature of most theoretical morphological and morphometric shell models (Raup
1966; Okamoto 1988; Liew & Schilthuizen 2016; Larsson et al. 2020; eventually, also Moulton
& Goriely 2012 use it).

In self-similar isometrically growing conihelical shells, the different spirals that make the
shell’s surface, by geometric necessity, differ in spiral angle, a, apical semiangle, 8, and lead

angle, A (Fig. 1E). However, they all share a single common value of exponential expansion

Filin — Geometry of coiling 27 April 2026 4 0f 18



77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

rate, vy, with respect to revolution angle, 6 (Illert 1983). Given linear measures of shell size,
such as aperture size, a and b (Fig. 1F), centerline radius and height, r and z (Fig. 1D), or
centerline arclength, s, measured from the pole (or conical apex), one can define separate
expansion parameters for each. However, for self-similar conihelical shells, these expansion
rates are all equal, ys =7, =7vp =7z =7r =Y. Alternatively, growth and size can be measured
w.r.t arclength, s, rather than revolution angle, 8. For example, the relations a(s) and b(s), for
aperture size, introduce Ackerly’s (1989q) dilation parameter, which I denote here by

da = da/ds and g, = db/ds. In isometric conihelical shells, g, and ¢, are constants,
representing the opening angles of the expanding ‘trumpet’ or ‘cone’ (Ekaratne & Crisp 1983;
Ackerly 1989a; Vermeij 2002) that is coiled upon itself to make the spiral shell. Dilation
factors for centerline r and z are just g, = cosasinff and g, = sin A = cosa cos .

A set of formulas relates the conispiral, conihelical, and differential geometric
parameterizations to each other and to expansion rates. One such formula is the
aforementioned expression for g, relating lead angle, A, to spiral angle, a. For expansion
rate,

cotasinf=y [1]

(Moseley 1842; Thompson [1942] 1992; Raup & Graus 1972; Levtrup & von Sydow 1974;
Ekaratne & Crisp 1983; Illert 1983). Gastropod shells usually exhibit several complete whorls.
Consequently, expansion rate is typically small, y < 0.2 (Thompson [1942] 1992; Cameron

1981), leading to a similar, approximate, expression for the conihelical parameterization,
tanAtanf =y (2]

(the exact expression being tan Atan 8 = y/+/1 + ¥?2; see SI for discussion of approximation
errors), demonstrating the three-way covariation of expansion rate, apical semiangle and
lead angle.

Many empirical studies of shell coiling, in the past 50 years, have provided estimates of
Raup’s T and W parameters; or in terms of this study, tanf=1/T and y =InW/2xn

respectively. Covariation of tan f and y may point to adaptation, such as for mechanical
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strength, postural stability or economical shell construction (Raup 1966; Noshita et al. 2012;
Okabe & Yoshimura 2017; Pall-Gergely et al. 2024), and is usually interpreted through Raup’s
(1966) condition for tight coiling, or whorl overlap, tan f > sinh(ny), given circular apertures
(SD). (Alternatively, sin § > tanh(7y); corresponding to the expression by Clarke et al. 1999,
accounting for the typo in their equation, and the difference in definition of apical angle; SI).
However, for small y, typical of most gastropods, the whorl overlap boundary is practically
indistinguishable from the seemingly arbitrary condition A < arctan(1/7x) (0.318 or 17.66°;
Fig. 2A; SI). Similar conditions can be formulated for non-circular apertures (SI). A geometric
constraint on lead (or spiral) angle, combined with variation in growth rate (shell expansion),
can therefore produce, given Eq.[2], the empirically observed direct relation between tan
and y.

Past hints to the relative constancy of lead angles can also be glimpsed from observations
of ontogenetic patterns, where measurements of tan § and y at different whorls, or
developmental stages, vary together so to preserve an almost fixed ratio (e.g., Newkirk &
Doyle 1975; Hutchinson 1989; Clarke et al. 1999). In particular, Ekaratne & Crisp’s (1983)
shell-height-to-arclength-ratio contains a 1/secasec f factor, which is just g, = sin A of this
study. In fact, their formula can be rewritten as H/s = z/s+ b/s = q, + qp = sin A + g, (S]).
Lead angle, therefore, a defining feature of conical helices, emerges as a more useful
parameter for interpreting morphometric (co)variation (Fig. 2B). Variation in apical
semiangle (B; Fig. 2A) follows as a passive consequence of growth (variation in y) and
geometry (lead angle, 1) of the expanding centerline spiral (Eq.[2]).

Lead angle, however, is expected to vary ontogenetically to some degree. For example,
Savazzi (1990) discussed deviated protoconchs (see also Fryda & Ferrova 2011); van Osselaer
& Grosjean (2000) fitted conispirals piecewise to several species, and showed three
ontogenetic phases — protoconch, and early and late conispiral phases — with different
coiling parameters; and Newkirk & Doyle (1975) reported values of coiling parameters for
embryos and adults in a study of geographic variation in the rough periwinkle, Littorina

saxatilis (Fig. 2).
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Variation in lead angle can be further understood by considering the differential geometric
parameterization. In helices, coiling angle per unit of centerline arclength, df/ds, is
measured by the norm of the Darboux vector, u = ufi, the rotation vector of the Frenet frame
along its defining space curve (Fig. 1B; Chouaieb et al. 2006; Goriely 2017). In generalized
helices, @i coincides with the fixed coiling axis. The norm of the Darboux vector, [ull = u, is
the ‘compound curvature’ of Nutbourne & Martin (1988), the ’first alternative curvature’ of
Giizelkardesler & Sahiner (2024), and the familiar V2 + 72 of differential geometric literature
(also DG and Ag of Noshita 2014 and Noshita et al. 2016, who used Okamoto’s growing tube
formulation; clearly related in their experssions to angular rate, d0 / ds). In this note, I refer
to u as local coiling. The constant lead angle of general helices is determined by the
torsion-curvature ratio, tanA = 7/x, Kk = ucosA, and 7 = usin A.

Conical helices are further defined by local coiling that is inversely proportional to
arclength, s (Nutbourne & Martin 1988). We can, therefore, write u = #i/s, where i is
constant dimensionless standardized local coiling (though the ‘standardization’ here is
different than Okamoto’s). Arclength expansion rate, ¥y, is then related to (standardized)
local coiling by the simple and intuitive relation ys = 1/ (SI). As local coiling and curvature
increase, the conical helix coils tighter, and less arclength growth and radial expansion is
gained per full revolution. Hence, more whorls are required for a specified amount of
(relative) growth. This helps to explain the association of high-spired species with large
numbers of whorls (Cain 1980) and Gould’s so-called “jigsaw constraint”, originally observed
in his study of Cerion (Gould 1989; Béguinot 2021).

Allometric modifications of conical helices, such as the logarithmic helicospiral model,
derived many times in various guises (essentially, v, # y,; Kohn & Riggs 1975; Bayer 1978;
Cortie 1989; Schindel 1990; Savazzi 1990; Fowler et al. 1992; Stone 1995; Tursch 1997; van
Osselaer & Grosjean 2000; Urdy et al. 2010; Swan 2015; Larsson et al. 2020), and Harary &
Tal’s (2011)’s ‘natural 3D spiral’, do not have constant lead angles, and therefore, are not
generalized helices. Rate of change in lead angle, A’ = dA/ds, is equivalent to the ‘second

alternative curvature’ of Uzunoglu et al. (2016) and Guizelkardesler & Sahiner (2024) (see SI).
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If 1’ # 0, the Darboux vector of local coiling and the fixed coiling axis of the helicospiral do

not coincide, as the former now precesses around the latter (Fig. 1G). The precession axis is

w=ww=u+Ah=uli+An,

3]

w=wl = Vu2+ ()2 = k2 +12+ (1)?,
dubbed here respectively vector and rate of global coiling. This total coiling rate contains
both a local coiling component, u, and a A’ component (first and second ‘alternative
curvatures’ of Uzunoglu et al. 2016 and Giizelkardesler & Sahiner 2024; generalized helices
are obtained when A’ = 0).

Four decades ago, Lovtrup & Levtrup (1988) attempted to “move the § parameter down to
the mantle edge”. In other words, derive a parameter of global shell shape from local
processes occurring at the aperture. Lovtrup & Levtrup’s partial solution was to replace 8
with the ratio of maximum and minimum growth rates around the aperture. An explanation
that Hutchinson (1990) debunked shortly after. Through Eqs.[1] and [2], however, the apical
semiangle can indeed be “eliminated”, or “moved down” to the aperture, as y, a, and A are
defined at the growing tip (i.e., tangent) of conispirals, or conical helices. The distinction
between fixed- (conispiral and conihelical) and moving-frame (differential geometric)
parameterizations, thus, begins to blur.

Another defining feature of fixed-frame models is, for obvious reasons, the fixed coiling
axis. Rate of change in the direction of local coiling, @, is given by &' =w X i =
ult X 1+ A'Hh X ti = A'fi X 6. In conihelical shells A’ = 0, and the Darboux vector, u, defines
the fixed coiling axis. Thus, given starting coiling direction (initial condition), conispiral
coiling can be defined by apical and spiral angles, by lead angle and expansion rate, by lead
angle and standardized local coiling, i, or by Okamoto’s standardized curvature and torsion
(SI). In all four cases, if parameter values remain fixed, the initial coiling direction is
maintained (' = 0), becoming a fixed axis, and self-similar conispiral shells result. That is
another metric by which the distinction between fixed- and moving-frame parametrizations
seems superfluous.

Irregular coiling, allometry, or other deviations from self-similar conihelical geometry,
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always require a change in parameter values (notably, lead angle). Gradual rotation of the
local coiling axis, @, thus, occurs simultaneously with (transient) change in lead angle

(A’ #0), and by precessing around the vector of global coiling, w (Fig. 1G). That is, in fact,
another direct consequence of conihelical geometry; this time, prescribing a testable
hypothesis on how shell geometry can deviate from isometric conihelical. Some evidence in
support of this hypothesis appears in Ackerly’s (1989b) visual and stereographical analyses
of Vermicularia, which possesses a tightly coiled conispiral juvenile phase, followed by an
open-coiled geometry that differs in both coiling axis and lead angle. Similarly, his analysis
of Distorsio shows that lead angle varies among consecutive episodic growth increments,
while the coiling axis precesses with an angular radius of roughly four to seven degrees.
Savazzi (1996) provides examples from several species of Tenagodus (syn. Siliquaria) and
Vermicularia that follow the same rule of simultaneous change in coiling axis and in lead
angle. Particularly extreme cases occur in microsnails (Clements et al. 2008; Liew et al. 2014)
and in irregularly coiled (heteromorph) ammonoids (Okamoto 1988, 1996).

Initially, the allometric logarithmic helicospiral (y, # yr) seems to contradict the
hypothesis, as lead angle increases (y, > ;) or decreases (y; < vr), while the coiling axis
remains fixed. Similarly, in Harary & Tal’s (2011)’s ‘natural 3D spiral’, lead angle varies
smoothly between a starting value, A¢, and an asymptotic value, A, at large arclengths;
essentially, converging to a conispiral (though adult size and shape may be obtained well
before that asymptote is reached). However, when the direction of w = uii + A'fi does not
change, it acts as the new fixed coiling axis of the shell; its magnitude, w = VU2 + ()2, is the
coiling rate around that axis (i.e., revolution angle per unit growth of centerline arclength,
do / ds = w = |lwl]l). This precession of the local moving Frenet frame around a potentially
fixed axis, W, is another reason why fixed- and moving-frame models should be considered in
tandem, as complementary points of view.

The condition of fixed W is satisfied, for example, when local coiling and change in lead
angle are both constant, u = const, ' = const. These are the ‘modulated curves’ of

Nutbourne & Martin (1988), better known as ‘curves of constant precession’ (Scofield 1995).
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Another class of curves, in which W is fixed, are the already familiar conical and generalized
helices. This is just the degenerate case of w=wu and A’ = 0, where the precession vanishes.
Extrapolating from both curves of constant precession and curves of constant slope
(generalized helices), one obtains a class of curves called slant helices that includes the
former two as special cases. A necessary and sufficient condition for a slant helix, in the
notation of this study, is ' < u, or I’ = 0 u where o = const (Izumiya & Takeuchi 2004 ; SI).

We can proceed still one step further, and define the logarithmic slant helix, u,A' o< 1/s, or
u=1i/sand ' = gii/s, where o and ii are constants (SI). While the logarithmic slant helix
describes an allometrically growing shell, it does share some properties with the isometric
conical helix. For example, revolution angle and arclength are similarly related through
0 « In(s/sp), and therefore arclength expands exponentially, s = sp e¥s? where Ys=1/1,

i = iiV'1 + 02. However, radial expansion is no longer exponential. As lead angle changes,
the radial expansion rate is instantaneously given by y, = ys(1 —ofitan 1) (SI). Centerline
radius, thus, grows with negative allometry, relative to arclength (y/ys < 1, assuming o > 0).
Yet another feature of logarithmic slant helices is that lead angle grows linearly with 6.
Consecutive whorls, separated by a full revolution around the coiling axis (Af = 27), are
always tilted relative to each other by the same amount, AA = 27A'/w = 2n0/V1+ 02

(Fig. 1H).

The logarithmic slant helix, thus, is a natural allometric extension of the isometric conical
helix, in the sense that, instead of being fixed on the same initial value (1¢) throughout
ontogeny, lead angle grows linearly (i.e., A(0) = A + ¢8; ¢ = const). In that respect, it is the
simplest case of centerline allometry, and provides insight into the more complex variation in
other models (helicospirals, y, # y,, or Harary & Tal 2011). Clearly, lead angle cannot grow
indefinitely, unless coiling becomes open and irregular. But, in any case, real shells have a
finite number of whorls, and therefore, the logarithmic slant helix, like its older cousin, the
conical helix, is a useful approximation. In particular, given expressions for centerline height

and radius, z(0) and r(0) (SI), one can simulate such shells graphically (Fig. 1H,I).
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Supplementary information

Additonal derivations, explanations, methods, and discussion are are in the supplementary

information document.

DATA AND SOFTWARE AVAILABILITY. All data and code are available at
https://doi.org/10.5281/zenodo.19763621, for the data analyses (Fig. 2), and at
https://doi.org/10.5281/zenodo.19762139, for the WebGL application of theoretical

morphology of coiled shells (Fig. 1).
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Figure 1 : Theoretical morphology in a snailshell. (A,B,C) Three parameterizations of conical logspirals; re-
spectively conispiral, differential geometric, and conihelical. (A) Constant spiral angle, a, between instantaneous
tangent vector, {, and radius-vector from pole (apex) defines the conispiral parameterization. Also illustrated is
the corresponding base planispiral — the projection of the conispiral onto (r,6)-plane, perpendicular to coiling
axis (SI). For logarithmic conispirals, base spiral is also logarithmic, with same expansion rate, y. (B) The differen-
tial geometric parameterization follows the evolution of the Frenet moving frame, defined by tangent t, principal
normal, fi, and binormal b = t X fi. The frame’s rotation is defined by the Darboux vector u = ufi = 7t + kb =
usin A+ ucos Ab; « is curvature, and 7 torsion (SI). (C) In the conihelical parameterization, a conical logspiral is
viewed as a helix with expanding radius — a conical helix. For comparison, a circular helix with same slope (i.e.,
lead angle) is also illustrated. (D) Conical helix in side view. Api cal semiangle, §, lead angle, A, and the cylindrical
coordinate system illustrated. The z-direction coincides with the coiling axis. (E) Multispiral approach to shell
modeling, where shell surface is defined by many spiral paths, differing in lead angle. For illustration purposes,
an exaggerated open-coiled shell is shown, where slopes of inner spirals are clearly steeper. Nevertheless, all
spirals share the same expansion rate, y. (F) Generating curve approach to shell modeling. Shell surface defined
by a closed figure (here a circle) that sweeps along a conihelical centerline. Also illustrated are the size measures,
a and b (not to be confused with the binormal vector, b), roughly corresponding to aperture size perpendicu-
lar and parallel, respectively, to the coiling axis. (G) In allometric shells, where centerline’s lead angle varies,
the Darboux vector is no longer fixed, but precesses around an axis w = wW that contains a A’ component (SI).
(H,I) Allometric and irregularly coiled shells with logarithmic slant helix centerline. Lead angles are initially 0
(i.e., planispiral coiling), but subsequently grow at different rates. Parameters values to simulate all shell images

in this figure in the WebGL application are provided in SI.
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Figure 2 : Apical semiangle, as tanf (panel A), and lead angle, as tanA (panel B), against expansion rate,
Y = InW/2n, from the data in Noshita et al. (2012) and Araki & Noshita (2023) on coiling parameters of over
400 species freshwater, marine, and terrestrial gastropods, and the data of Newkirk & Doyle (1975) on em-
bryos and adults of Littorina saxatilis from five different populations in Nova Scotia. In both panels, a vertical
dashed line for y = 0.2 marks roughly the domain of validity for small-y approximations (SI), where neverthe-
less most data lies. Illustrated curves, however, were drawn using full (exact, non-approximate) expressions (SI).
(A) When apical semiangle is plotted against expansion rate, a clear linear trend is visible. Solid black lines
indicate boundaries for whorl-overlap, tan 8 > (1/p) sinh(wy), for p = 0.5, 1, 2 (upper to lower; where p is de-
fined as p = b/ a, ratio of the aperture sizes; p = 1 means a circular aperture) that separates tightly-coiled (above
boundary line) and open-coiled shells (below boundary line). In the range y < 0.2, such boundary curves for
tight-coiling, however, are practically indistinguishable from relationships that fixed lead angles in Eq.[2] pre-
scribe (tanf = (y/ \/W) cotA; gray lines), given tanA = p/m (SI; D = 0 for illustrated curves; i.e., apertures
touching the coiling axis). Raw values for apical angles were transformed to correspond to centerlines by dou-
bling reported values of T. (B) Estimates of lead angle, tan A, obtained from eqn:conihelical. Compared to panel
A, there is clearly less in lead angle, than in apical angle, and the linear trend disappears; suggesting independent
variation in expansion rate, y, and lead angle, 1. Black and gray solid curves correspond to those those in panel

A, but in reverse order (p =2, 1, 0.5, upper to lower respectively).
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S1 A note on terminology and notation

Thompson ([1942] 1992) defined three angles, related to the modeling of equiangular (i.e.,
logarithmic) spiral shells. The spiral angle, a, is the angle between the radius-vector from the
pole (or apex of the conical envelope) and the tangent to the spiral. His 8 denotes the apical
semiangle, as in this study. His y refers to the “angle of retardation”, relevant when
considering the inner and outer margins of planispiral shells. Given that the angle of
retardation has been rarely utilized since, I reclaim the symbol y for denoting the
exponential expansion rate in this study.

Generalized or general helices (Nutbourne & Martin 1988) are defined by the constant
slope, relative to a fixed direction. Hence the alternative term, curve of constant slope
(Scofield 1995). Somewhat confusingly they are also often called ‘cylindrical helices’ (O’Neill
2006), referring to a generalized cylinder. But I avoid this term here.

While ‘pitch’ is used often with circular helices to refer to the slope of the helix (e.g.,
Chouaieb et al. 2006), strictly speaking, pitch is the distance between adjacent threads or
strands. Lead, on the other hand, is the axial progression per one full revolution of the helical
structure, which is the quantity of interest in this study. Lead and pitch are the same for
single-thread helices, but not for double or triple helices, such as in double- and multi-start
screws and various helical structures in biology.

The slope of the helix, tan A, can be measured by the lead angle, as in this study, by the
‘helix slope’ itself (e.g., De Renzi & Mayoral 2024; also 'rise’, Hauser et al. 2017), or by the
‘helix angle’, relative to the fixed axis (the complementary angle to the lead angle; Nutbourne
& Martin 1988). The latter was referred to as ‘inclination angle’ by Moseley (1842), in his
work on conchyliometry. However, more recently, inclination angle is used to describe the
orientation of the aperture itself relative to the coiling axis (Schindel 1990; Vermeij 1993;
Noshita et al. 2012), so I avoid this term here.

Finally, the quantity u = V'x2 + 72, which is the norm of the Darboux vector, where x is

curvature and T is torsion, does not have a standard name. Nutbourne & Martin (1988) refer
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S65

S66

S67

S68

S69

to it as ‘compound curvature’, and Guzelkardesler & Sahiner (2024) call it ‘first alternative
curvatrue’. Other appropriate terms may be ‘winding’ or ‘twist’, in reference to circular
helices (Chouaieb et al. 2006; Goriely 2017). But those usually involve additional meaning in
terms of mechanical properties. It is also sometimes called angular rate, speed, or velocity,
though time is only implicit here, and u measures rotation angle per unit arclength, not time.
In this study, I refer to the Darboux vector and its norm, as well as to w and w, simply as
vectors and rates of coiling, as in the end, they describe direction and rate of rotation. While
the greek letter w is often used to denote the Darboux vector and v’k + 72 (Nutbourne &

Martin 1988), I avoid this notation, so not to confuse with true angular velocity in mechanics.
S2 Expressions for logarithmic conispirals

Eq.[1] of the main text, cota sin 8 =y, has been derived and used enough times, so not to
require any explanation (Moseley 1842; Thompson [1942] 1992; Raup & Graus 1972; Levtrup
& von Sydow 1974; Ekaratne & Crisp 1983; Illert 1983). From geometry of cones, it is easy to
see that

sin = cosacos 8 [S1]

(Moseley 1842; up to differences in notation and definition of lead angle), the expression for

spiral height dilation, q,. These two equations can be combined to produce

_r
Vity?

Values of y for gastropods are typically below 0.2 (Thompson [1942] 1992; Cameron 1981;

tanAtanf = [S2]

Fig. 3), corresponding to relatively slower expansion and shells that exhibit several complete
whorls. For small values of y, Eq.[S2] is approximated by Eq.[2] of the main text.

The base spiral is the projection of the spiral space curve onto the (r,0)-plane, i.e.,
perpendicular to the coiling axis. For a logarithmic conispiral, the base spiral is also
logarithmic, with the same expansion rate y. The arclength of the projection spiral is, in

general, given by £(0) or ¢(s), and obtained by integrating d¢ = dscosA =

d6+/r?+ (dr/d6)?. For conical logspirals these integrate to £(s) = scosA and £(0) =

1+y2 1+y2 0
—Fr 9 = — eY .
¥ 0) 770
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More generally, for small radial expansion rates, y, = y»(0) = dInr/df <0.2, we can

observe that d¢ =d6/r? + (dr/d0)% = rd0/1+y% =~ rdb, or

de )
S5 =r(1+0(r). [53]

Consequently, as a first approximation we can estimate the radius of the space curve as
r=d¢ / df, as long as r(0) grows relatively slowly, dInr / df is small. Alternatively, d¢ / do
provides an upper bound to the radius, r(0). This approximation is used below, in relation to
the position vector of logarithmic slant helices.

Finally, the expression for a conispiral shell’s height-to-arclength ratio, derived by
Ekaratne & Crisp (1983), can be written as (z+ b)/s in this study, which translates to
q: + qp = sin A + qp. Alternatively, using the steps of their derivation and following the
suture spiral on the outer surface of the shell, rather than the centerline spiral,
(z/W+2b)/s=(1/W)sinA+ (2pals) = (1/W)sinA+ pr/s=sinA(1/W + ptan ) (where s, r,
A and B all refer now to the suture spiral, W is the whorl expansion rate [Eq.[S4] below], and
using the relations p = b/a, r =2a, and r = ztan = ssin A tan ). In any case, all these ratios

are constants for self-similar logarithmic conispiral shells.
S3 Whorl-overlap condition for non-circular and displaced generating curves

Mathematical and computational shell modeling got a boost with the work of David Raup in
the 1960s (Raup 1961; Raup & Michelson 1965; Raup 1966) that also kick-started theoretical
morphology. Raup’s model for gastropod shell coiling (Raup 1961, 1966; Raup & Michelson
1965) contains four parameters that are designed to be estimated from sagittal cross-sections

of shells. His whorl expansion rate, W, is related to y through
W =e", [S4]
His translation rate, 7, is related to § by

T = cotB. [S5]
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The displacement parameter, D, measures relative distance of the aperture from the coiling

axis, and is given by

r—a
D= , S6
r+a [S6]

where a is aperture radius in the r-direction (i.e., half the aperture’s width in the
r-direction). The umbilicus (or columellar) radius, ¢, i.e., distance of innermost aperture

margin to the coiling axis, and the aperture size, a, are then given by

a=(h)r .
Raup’s fourth parameter, S, broadly defines the shape of the generating curve, and is never
really defined in Raup’s formulation. In principle, it may be vector- or function-valued, e.g.,
S = S(¢) (¢ being some parameterization of the generating curve). It is, however, very often
taken to be some ratio of major and minor axes of an ellipse — a natural extension of the
circular generating curve (Raup 1966; Kohn & Riggs 1975; Newkirk & Doyle 1975; McNair
et al. 1981; Ekaratne & Crisp 1983; Kemp & Bertness 1984; Ackerly 1992; Stone 1995; McGhee
1999; Clarke et al. 1999; Urdy et al. 2010; Larsson et al. 2020). Here, I follow Ekaratne & Crisp
(1983) and define aperture size a, perpendicular to the coiling axis, and aperture size b,
parallel to the axis, as illustrated in Fig. 1F of main text.
The centers of two consecutive whorls (separated by A = 2r) are at distances r and r W

from the coiling axis. Their distances to the apex are rv1+ T2 and rW v 1+ T?, respectively.

Aperture sizes along the conical envelope of the centerline spiral, i.e., at angle  to the coiling

pa
\/ p?sin? B+cos? B

respectively, where p = b/a. The whorl overlap condition is therefore,

axis, are given by the radii of the elliptic generating curves at that angle and

paW

v/ p?sin® B+cos? B

_ 5 ap(W +1)V1+ T?
rW-1DV1+T2< Nz [S8]

(recall that T = cot 8, and so sin? f = : +1T2 and cos? = 1IZT2 ). Substituting the expression for

a from Eq.[S7], and further trivial manipulations give

o o (5B WP - w1y
(W-1)?

<p : [S9]
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or
L AW +4D?*W —4DW? —4D
(1+ D)2(W —1)2

T><p [S10]
For a circular aperture (p = 1) touching the coiling axis (D = 0), I obtain Raup’s (1966)
expression for the “univalve-bivalve” boundary, T = %, on the W-T face of his
morphospace cube. Substituting T = 0 in Eq.[S8] gives the “univalve-bivalve” boundary on
the W-D face, D < 1/W, which is Raup’s (1966) whorl-overlap condition for planispiral
shells.

In terms of y and B, Eq.[S9] can be rewritten as

1— D)2 1-DV? 1 4D
N ((1+D) = =\GD) snbey @+ D7 o
or
1+D inh
tan > — sinh(ry) [S12]

p \/(1 — D)2 —4Dsinh?(y)

For circular apertures (a = b; p = 1) and D = 0, this equation gives the expression of Raup’s
whorl-overlap boundary in terms of y and f§ of this study, tan § = sinh(ny).

From Eq.[S11] one can get the condition for whorl-overlap in terms of sin f3,

1
sin B > S . [S13]
p? (E2)" coth®(ry) + (1 - p?)
For D = 0 this simplifies to
. hz
sin® B > SHZI—UW) [S14]
sinh” (7y) + p?

For D =0 and p =1, the condition further reduces to sin § > tanhzy, the expression arrived
at by (Clarke et al. 1999) (after correcting their typo and accounting for difference in
definition of apical semiangle).

Combining Eq.[S12] and Eq.[S2], I get the whorl-overlap boundary in terms of lead angle,

o y\/(l — D)2 —4Dsinh?(7ry)

+D v/ 1+7y2sinh(my)

Applying the small-y approximation, the whorl overlap condition for lead angle becomes

tan A < [S15]

1-D)\p 2
tanA —+0(y°), S16
ani< (1) 2 +or) (s16]
providing the corresponding fixed value of lead angle that matches the whorl overlap

condition for particular aperture shape, p, and aperture displacement, D.
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S4 Approximation errors

For the range of y-values exhibited by most gastropods, y < 0.2 (Thompson [1942] 1992;
Cameron 1981), the error between the full and approximate versions of Eq.[S2] (Eq.[2] in the
main text) is no more than 2%. This is derived from the ratio of the right-hand-sides of Eq.[2]
and Eq.[S2], v/1 + ¥2, which clearly increases with y, and is 1 for y = 0 and 1.0198 for y = 0.2.
Similarly, for approximating radius, r, as the 0-derivative of base arc length, ¢, using
Eq.[S3], the exact expression is d¢/d6 = r\/1+77. If v, is again no more than 0.2, we obtain
again maximum error of 2%. This is mostly relevant for simulating logarithmic slant helices

with the web application (§S6, §S7).
S5 Differential geometric parameterization

The typical approach in differential geometry is to follow the Frenet frame, attached to a
space curve; though other local (moving) frames are possible (Moulton & Goriely 2012;
Moulton et al. 2012; Uzunoglu et al. 2016; Goriely 2017; Glizelkardesler & Sahiner 2024 ; see
below). The Frenet frame is composed of the tangent, principal normal, and binormal unit
vectors of the space curve, t, fi, and B respectively, parameterized by arclength, s, along the
curve. The frame changes along the curve according to the Frenet-Serret differential

equations,

fi =ux f=1b—xt [S17]
Al A
b =uxb=-7i,

where X is vector cross-product in 3D Euclidean space, u is the Darboux vector,
u=ul=T1t+xb, [S18]

u is the vector’s magnitude (i.e., local coiling; or the compound curvature of Nutbourne &
Martin 1988; see §S1), k = ucos A is curvature, and 7 = usin A is torsion. The Darboux vector,
thus, describes the instantaneous rotation of the Frenet moving-frame, with respect to
arclength (rather than time). For generalized helices (7/x = tan A = const), including conical

helices, the direction of the Darboux vector is fixed, @’ = 0, though coiling rate, u, itself can
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change (e.g., for conical helices u o 1/5). In other words, for generalized helices u’ = 1@, and
the direction @1 determines the fixed coiling axis of the helix.

If lead angle changes with arclength, the space curve is no longer a generalized helix, and
the direction of u changes along the curve, i’ # 0 and u’ = ©//'ti + udi’. Because i is a unit
vector, its derivative can be written as a cross-product with some instantaneous rotation
vector, w, such that &' = w X @i. For generalized helicesw=u, and so ' =u X i= uti X i = 0.
In the general case, we write w = w;t+ wofi + wsb, and attempt to find the w; from
Eqs.[S17] and [S18].

First, note that from Eq.[S18] i = tsinA + bcos A, and therefore by applying the
Frenet-Serret relations (Eq.[S17]), i = (tcosA — bsin M)A, Expanding the rotation vector,

w X i = (—wsb + wsh) sin A + (—wy fi+ woi) cos A. Equating the two expressions per
component, one obtains w, = A, and w3 = w; cot A, while w; still remains unknown. We can
already guess, based on w = u for generalized helices, that w; = usinA = 7 and

ws = ucos A = k. That is corroborated by noting that the Darboux vector does not have a
fi-component, i.e., @i and f are always perpendicular to each other. Consequently, we can
construct the alternative orthonormal moving-frame of Uzunoglu et al. (2016) and
Giizelkardesler & Sahiner (2024), composed of 1, i, and @ X fi. The rotation vector of this
frame is w, resulting in the relation i’ =w X fi = w; b — wst. But from the Frenet-Serret

equations (Eq.[S17]) we know that i’ = b -1, and so w; = T and ws =, or in vector form,

w=ww=u+Ah=uli+An,
w=vu>+(A)?

the vector and rate of global coiling, respectively. Comparing again to Uzunoglu et al. (2016)

[519]

and Giizelkardesler & Sahiner (2024), u is their ‘first alternative curvature’, and A’ their
‘second alternative curvature’. Generalized helices are obtained when the second alternative
curvature vanishes, A’ = 0 (Giizelkardegler & Sahiner 2024). Substituting the identity

tan A = /7 into their expression for the second alternative curvature, ﬁ(m 1)/, clearly
results in cos? A dtanA/ds, which reduces to simply dA/ds = A". Namely, the second

alternative curvature is simply the rate of change in lead angle.
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For generalized helices (1 = const), w=u, &' =w X i = —A/({i X fi) = 0, and there is a fixed
coiling axis, coinciding with a fixed Darboux vector. However, in general, the vector w
defines a precession of the Darboux vector (recall that u is the instantaneous rotation of the
Frenet frame), and is itself not fixed. In some special cases, when u = const and w fixed, one
can obtain the ‘modulated curves’ of Nutbourne & Martin (1988), better known as ‘curves of
constant precession’ (Scofield 1995).

A slant helix is, similarly, a class of precession curves that includes the generalized helix
and the curves of constant precession as special cases. The defining feature of a slant helix is
a constant angle between the principal normal of the curve, fi, and some fixed direction in
space. In generalized helices, that angle is 90°. Izumiya & Takeuchi’s (2004) necessary and
sufficient condition for a slant helix translates, in the notation of this study, to the
proportionality relationship A’ = o u. In other words, second alternative curvature is
proportional to first alternative curvature, with a proportionality constant . The global
coiling vector becomes w = wW = u(ti + o), and W defines a fixed axis of rotation (or
coiling), though coiling rate, w = uv1+ 02, around the fixed axis generally varies. That can

be verified by V1 +02W = (i+ofl) =w X i+ ow X fi = (cufi) X G+ o (ut X fi) =0.
S$6 Logarithmic slant helix

For the logarithmic slant helix, u = #i/s. Consequently, ' = ¢ii/s and w = @/s, where
= iiV1 + 02. Given that d@ /ds = w, it is straightforward to get relations comparable to
conical helices for revolution angle and arclength, 8 = @W1n(s/sp) and s = s e’? where
y =1/ (in this section, y = y;). Given A’ = dA/ds =ou=ow/vV1+0? =
(0/ m) df/ds, lead angle increases linearly with revolution angle according to
A = Ao+ cB, where ¢ = 0/V'1 + 2. From these expressions one can obtain (approximately) the
position vector of the logarithmic slant helix, z(0) and r(6).

Recalling that dz / ds =sinA and that d¢ / ds = cos A, one can obtain the derivatives w.r.t
to revolution angle dz / do =sin(Ag + c‘(9)soye7"9 and d¢ / dO =cos(Ag + CH)soerB. Recall

from §S2, that for small expansion rates r(0) ~ d¢/df, and so we obtain an approximate
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expression for the radius of a logarithmic slant helix,
r0) = ysoeye cos(Ag + cO). [S20]

Applying Eq.[S20] to the definition of the allometric exponent of r w.r.t to s, dInr/dlIns,
one obtains dlnr/dIns = @ dlnr/d = @ d(Incos(A(0)) +y6)/d0 = W(y — ctan ) =
1-oiitanA.

Expressions for z(f) and ¢(0) are obtained by integration of the aforementioned

derivatives,

¥?sin(Ag + cB) — cy cos(Ag + cB) s
0

)
g e, [S21]

z(0)=C, +

Y2 cos(Ag + ) + cysin(Ag + c)
+ So

i S22

¢0)=Cy

where C; and Cy are determined from initial conditions. These expressions for z(0), r(6) and
£(0), can be used in computer graphics to simulate shells that follow a logarithmic slant helix

centerline.
S7 Web application

For this study, I have also written a WebGL application to help with creating images of shells,
as in Fig. 1A-C,E-I. A snapshot of the code, coinciding with the publication of this report, is

available at https://doi.org/10.5281/zenodo.19762139.

« For Fig. 1A—C the app’s start values were used, with Shell deselected, Centerline spiral
selected, and either Planispirals (panel A) or Circular helix (panel C) additionally

selected. Pitch angle 69°, Roll angle 120°, Ao =0.22, v = 11.43 (y = 0.0875), o = 0.

«+ Parameters for Fig. 1E are Pitch angle 270, Roll angle 241, Shell and Multispirals

checked. 19 =0.39, i =9.38 (y = 0.107), 0 = 0.

« For Fig. 1F, Pitch angle 70, Roll angle 53. Shell, Centerline spiral, and Generating curve

checked. 19 =0.22, @ =11.43 (y = 0.0875), o0 = 0.

Parameters for Fig. 1G are Pitch angle 69, Roll angle 120, Shell deselected, Centerline

spiral checked, Ao =0, W =11.43 (y = 0.0875), 0 = 0.013.
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« For Fig. 1H, Pitch angle 64, Roll angle 0, Shell and Centerline spiral checked, 19 =0,

W =12.07 (y = 0.0829), o = 0.012.

« For Fig. 11, Pitch angle 55, Roll angle 239, Shell, Centerline spiral, and Generating curve

checked, 1p =0, W =7.29 (y =0.137), 0 = 0.104.
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